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Ten high-strength concrete slabs reinforced with a new type of steel 
fiber, double-hooked-end steel fibers, were tested under punching 
shear loads. The strength of the concrete fc′ varied from 80 to 
100 MPa (11,600 to 14,500 psi). The fiber content Vf varied from 
0 to 1.2%. Two different values of flexural reinforcement ratios ρ 
(= As/ bd) of 0.9% and 1.4% were chosen for this test program. The 
experimental results showed that the use of double-hooked-end steel 
fibers in concrete enhances slab performance significantly in many 
ways. As the fiber volume or fiber content Vf increased, the flexural 
stiffness of the slab throughout loading history also increased, while 
both the deflections and crack widths decreased considerably. At 
the ultimate load stage, the punching shear strength increased by 
up to 156% compared to non-fibrous concrete slabs. The increase 
in punching shear strength is significantly higher than the increase 
introduced by conventional single hooked-end steel fibers. The 
ductility of the slabs was also significantly improved.

Comparisons between design methods with experimental results 
show that the design method from The Concrete Society’s TR-34 
performs very well. Another method that was based on the yield 
line theory overestimates the strengths of the slabs. Model Code 
2010 method also overestimates the punching shear strengths. 
Finally, some relevant design recommendations are given.

Keywords: building codes; double-hooked-end fibers; fiber contents; 
fiber-reinforced concrete; flexural strength; high-strength concrete; 
punching shear strength; slabs; steel fiber-reinforced concrete.

INTRODUCTION
The use of steel fiber-reinforced concrete (SFRC) can 

effectively solve some critical design issues concerning 
ultimate performance (that is, punching shear strength) and 
serviceability (that is, deflections and cracks). Some of the 
advantages of SFRC slabs over conventional reinforced 
concrete (RC) slabs are1-8: 1) faster construction times and 
lower labor costs due to time saved from detailing works of 
reinforcement (in actual projects, steel fibers have already 
been used to partially or entirely replace conventional steel 
bars for both flexural and shear reinforcements); 2) lower 
risk of durability problems because steel fibers can prevent 
and control cracks; and 3) better strength and ductility due to 
superior post-crack behavior of SFRC compared to non-fi-
brous concrete.

Although SFRC has been widely used in practice in the 
past decades, the development of standard design proce-
dures is still insufficient. Major building codes such as ACI 
318-149 and Eurocode 210 have yet to implement any design 
provisions for SFRC structures. Nevertheless, there are 
available code-like design guidelines and recommendations 
for design and analysis of SFRC slabs, such as ACI 544.6R 
by ACI Committee 544,1 Technical Report 34 (TR-34) by 
UK’s Concrete Society,4 and Model Code 2010.11

The main functions of fibers are to bridge and resist crack 
openings through pullout resistance mechanism.12,13 This 
post-cracking characteristic of SFRC allows the presence 
of concrete tensile stresses and tensile strains across crack 
openings, which are omitted in the analysis of conventional, 
non-fibrous, RC elements. Therefore, theoretically, the 
post-cracking tensile strength of SFRC enhances the ulti-
mate strength of a concrete section, be it shear strength or 
flexural strength. Observations from past experiments14-23 
show that the addition of single-hooked-end steel fibers can 
increase the punching shear strengths of slabs by 40 to 65% 
compared to those of non-fibrous slabs, depending on the 
types and volume fractions of the fibers. Analytically, it has 
been known that increases in shear and flexural strengths 
due to the inclusion of steel fibers are dependent upon the 
residual tensile strengths of the SFRC.4,24 The residual 
tensile strengths can be obtained from the flexural tests done, 
for example, according to EN 14651.25  Both the ultimate 
punching shear strengths and flexural strengths can be reason-
ably correlated with several parameters such as fiber volume 
fractions, fiber shapes, and fiber aspect ratios (ratio of fiber 
length to diameter). Therefore, these parameters—such as 
fiber volume fraction Vf and fiber aspect ratio (Lf/Df)—have 
become basic variables in most of existing design methods 
for SFRC structural elements. Several researchers26,27 also 
attempted to develop analytical models for predicting the 
punching shear strength of SFRC slabs based on experi-
mental observations. Therefore, to ensure reliable and safe 
design procedures, a broader range of SFRC slab data is still 
needed for verifying existing design methods, as well as for 
supporting ongoing development of new design approaches.

This paper presents the punching shear tests of 10 steel 
fiber-reinforced, high-strength concrete slabs. The slab spec-
imens have two different flexural reinforcement ratios ρ (= 
As/bd) of 0.9% and 1.4% and varying steel fiber volume 
fractions Vf of up to 1.2%. A new type of steel fiber (the 
double-hooked-end steel fibers28 shown in Fig. 1(a)) was 
investigated. The concrete used in the test program had 
compressive strengths fc’ between 80 and 100 MPa (11,600 
and 14,500 psi). The experimental results were then used to 
verify the applicability of the yield line theory,29 Model Code 
2010 method,11 and TR-34 method.4 Some design recom-
mendations derived from this experiment will also be given.
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RESEARCH SIGNIFICANCE
Experimental data of new SFRC slabs are presented. 

A new type of high-performance steel fibers, the double-
hooked-end steel fibers, was used and its influence on 
punching shear strength was evaluated. The results were 
discussed in this paper and used to verify the applicability 
of the yield line theory-based method, Model Code 201011 
method, and Concrete Society TR-344 method. It is expected 
that this study can provide a useful set of data and new discus-
sions on the development of SFRC slab design method.

EXPERIMENTAL PROGRAM
The dimensions of the specimens represent a typical 

model taken out of flat-plate slabs supported on square 
columns, having a column-to-column span of approxi-
mately 5.0 to 6.0 m (16.5 to 20 ft). Two main parameters 
were investigated:

1. Fiber-volume fraction (Vf) or fiber content. Fiber 
contents of 0%, 0.3%, 0.6%, 0.9%, and 1.2% were used in 
these slabs to investigate their effectiveness. The equivalent 
fiber dosages are 0, 23.4, 46.8, 70.2, and 93.6 kg/m3 (0, 1.46, 
2.92, 4.38, and 5.84 lb/ft3), respectively.

2. Flexural reinforcement ratio ρ (= As/bd). Two rein-
forcement ratios, 0.9% and 1.40%, were considered. The 
two values of reinforcement ratios were selected to ensure 
brittle punching shear failure for similar slab specimens but 
without steel fiber.

Table 1 summarizes the properties of the 10 slab speci-
mens. The 10 slab specimens were divided into two series 
(F09 and F14) depending on their flexural reinforcement 
ratios. There are five specimens in each series. The label of 
each specimen (for example, Fxx-yy) indicates the values of 
its respective reinforcement ratio and fiber volume fraction, 
where xx represents the value of reinforcement ratio ρ (%) 
and yy represent the value of fiber volume fraction Vf (%).

Material properties
Steel fibers—The new double-hooked-end steel fibers28 

are shown in Fig. 1(a) and they have the following geometric 
properties: fiber length Lf is 60 mm (2.36 in.), fiber diameter 
Df is 0.9 mm (0.035 in.), and the corresponding aspect ratio 
Lf /Df is 65.28 The nominal tensile strength of the steel fibers 
is 2300 MPa (333.6 ksi) and their modulus of elasticity is 

210 GPa (30,460 ksi). For comparison, the typical single-
hooked-end steel fiber28 is shown in Fig. 1(b).

Steel reinforcements—Three different diameters of 
steel reinforcing bars were used: T10 (diameter = 10 mm 
[0.39  in.] or approximately No. 3 bars), T13 (diameter = 
13  mm [0.51 in.] or approximately No. 4 bars), and T16 
(diameter = 16 mm [0.63 in.] or approximately No. 5 bars). 
T10 is used for the bottom reinforcement for all 10 speci-
mens, T13 is used for the top tension reinforcement for the 
F09 series specimens (ρ = 0.9%), and T16 is used for the 
top tension reinforcement for the F14 series specimens (ρ = 
1.4%). The modulus of elasticity Es, the yield strain εy, and 
the yield strength fy are shown as follows:

	 For T10, Es = 191 GPa (27,695 ksi), εy = 0.30%, fy = 
595 MPa (86.3 ksi)

	 For T13, Es = 195 GPa (28,275 ksi), εy = 0.33%, fy = 
585 MPa (84.8 ksi)

	 For T16, Es = 200 GPa (29,000 ksi), εy = 0.33%, fy = 
575 MPa (83.4 ksi)

Concrete—Columns 7 to 12 of Table 1 summarize the 
test results of the relevant concrete properties needed for 
the design of SFRC slabs. The compressive strengths fc′ 
were shown to increase slightly with an increase in fiber 
content (refer to Column 7). The flexural tensile tests 
were conducted according to the notched beam test of EN 
14651.25 Figure 2(a) shows the flexural stress-CMOD curves 
of the four batches of SFRC (each batch is according to its 
fiber volume fraction, Vf). The CMOD is the crack mouth 
opening displacement, as defined in EN 14651.25 Figure 2(a) 
also shows that the double-hooked-end SFRC even at a fiber 
content as low as 0.3% shows enhanced performance over 
a non-fibrous beam whose curve would drop to zero stress 
immediately after reaching the peak stress. The double-
hooked-end SFRC also shows better ductility than single-
hooked end SFRC shown in Fig. 2(b). Note that the higher 
peak stress of the single-hooked end SFRC in Fig.  2(b) 
might have been caused by unintentional concentration of 
fibers above the notched zones of the test beams.

Fig. 1—(a) Double hooked-end steel fiber and its geometric properties; and (b) single (normal) hooked-end steel fiber. (Note: 
Dimensions in mm; 1 mm = 0.0394 in.) 
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Slab specimen details
Figure 3(a) shows the overall dimensions of the speci-

mens. The overall size (L1 x L2 x h) of the specimens were 
2.2 x 2.2 x 0.15 m (87 x 87 x 5.9 in.). The cross section of the 
column stub was 200 x 200 mm (7.9 x 7.9 in.). The height 
of the column stub was also 200 mm (7.9 in.) for all speci-
mens. Figure 3(b) shows the reinforcement details of the 10 
slab specimens. The diameter and spacing of the top flexural 
reinforcement for each specimen are given in Column 13 
of Table 1. All specimens were provided with bottom rein-
forcement in the form of 10 bars of 10 mm diameter (0.39 in. 
or No. 3) in each direction.

Test setup and instrumentation
A typical test setup is shown in Fig. 4(a). Each spec-

imen was placed on a steel support block. During testing, 
the specimen was vertically loaded downward through 
four hydraulic jacks that were secured onto the laboratory 
strong floor. Each hydraulic jack would apply the loading by 
pulling down the steel rod which transferred the pull-down 
force to the spreader beam and then on to the loading plates 
(points) on the slab. One load cell was placed on top of each 
spreader beam to measure and monitor the real-time pull-
down force. The actual positions of the spreader beams and 
loading points (Fig. 3(a)) were determined by analyzing the 

Table 1—Properties of SFRC slab specimens

Series ID
c, mm 
(in.)

d, mm 
(in.) ρ, %

fy, MPa 
(ksi)

fc′, MPa 
(psi) Vf, %

Residual tensile strength of SFRC Reinforcing 
bar layout,  
mm (in.)fr1, MPa (psi) fr2, MPa (psi) fr3, MPa (psi) fr4, MPa (psi)

1 2 3 4 5 6 7 8 9 10 11 12 13

F09

F09-00

200
(7.9)

117
(4.6) 0.9 585

(84.8)

80
(11,600) — — — — —

T13 @ 118
(No. 4 @  
4.6 in.)

F09-03 89
(12,905) 0.3 4.2

(609)
6.0

(870)
6.5

(942.5)
5.8

(841)

F09-06 87
(12,615) 0.6 8.9

(1290)
12.8

(1856)
10.5

(1522.5)
7.5

(1087.5)

F09-09 90
(13,050) 0.9 16.0

(2320)
17.5

(2537.5)
16.3 

(2363.5)
13.5 

(1957.5)

F09-12 100
(14,500) 1.2 17.5  

(2537)
21.2

(3074)
22.2

(3219)
21.2

(3074)

F14

F14-00

114
(4.6) 1.4 575

(83.4)

80
(11,600) — — — — —

T16 @ 118
(No. 5 @  
4.6 in.)

F14-03 89
(12,905) 0.3 4.2

(609)
6.0

(870)
6.5

(942.5)
5.8

(841)

F14-06 87
(12,615) 0.6 8.9

(1290)
12.8

(1856)
10.5

(1522.5)
7.5

(1087.5)

F14-09 90
(13,050) 0.9 16.0

(2320)
17.5

(2537.5)
16.3 

(2363.5)
13.5 

(1957.5)

F14-12 100
(14,500) 1.2 17.5  

(2537)
21.2

(3074)
22.2

(3219)
21.2

(3074)

Notes: Concrete cover = 20 mm (0.8 in.); maximum aggregate size = 20 mm (0.8 in.); c is length of square column section; d is average effective depth; same reinforcement is 
provided in both directions; ρ is average reinforcement ratio (ρx + ρy)/2; ρx = 100Asx/(Lx× dx); Lx is length of slab specimen in x-direction; dx is effective depth for x-direction; fy is 
yield strength of flexural reinforcement; fc′ is cylinder compressive strength of concrete; fr1 to fr4 are residual flexural tensile strength corresponding with CMOD = 0.5, 1.5, 2.5, and 
3.5 mm (0.02, 0.06, 0.10, and 0.14 in.), respectively, as defined by EN 1465125; T13 @ 118 or No. 4 @ 4.6 indicates deformed bars of 13 mm (1/2 in.) diameter distributed at 118 
mm (4.6 in.) spacing on both directions.

Fig. 2—Flexural tensile stress-CMOD curves of (a) SFRC using double-hooked-end fibers for Vf = 0.3%, 0.6%, 0.9%, 
and 1.2%; and (b) SFRC using single hooked end fibers for Vf = 0.2%, 0.35%, 0.50%, and 0.70%. (Note: 1 mm = 0.0394 in.; 
1 N/mm2  = 145.04 psi.)  
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slab using an elastic finite element program such that the 
distributions of stresses near the column zone were close 
to the stress distributions in the same slab under uniform 
loading. Figure 4(b) shows Specimen F09-06 after test.

Steel strain gauges were attached onto top reinforcing 
bars as shown in Fig. 5(a). To study the effectiveness of 
the steel reinforcement, the positions of strain gauges were 
determined such that they measure the strains in the rein-
forcements at appropriate spacings from column face. The 
labels of the strain gauges represent their coordinates (row, 
column); for example, G23 represents the strain gauge that 
is positioned at the second row and the third column as 
shown in Fig. 5(a). Twelve linear variable differential trans-
formers (LVDTs) were installed to measure vertical deflec-
tions at various positions as shown in Fig. 5(b). Each LVDT 
was placed below the slab and attached on its individually 
secured stand, except for LVDTs D9, D11, D13, and D15 
which were placed on top of the slab, due to congestion in 
the space below the slab.

Loading and monitoring procedure
Each specimen was loaded at a slow rate at the begin-

ning to observe first flexural cracks. All the first cracks were 
observed carefully and crack propagations were marked 
using color markers. At every load increment, readings of 
vertical displacements from LVDTs, steel strains, and crack 
widths were recorded. All SFRC slabs were loaded beyond 
the maximum loads (failure loads) to capture post-failure 
behaviors.

EXPERIMENTAL RESULTS
Crack propagations and crack widths

Figure 6(a) shows the crack patterns of F09-series slabs 
at the ultimate load stage. The crack patterns of F14 series 
slabs are similar to the F09 series slabs and are shown in 
Fig. 6(b). The crack patterns and crack propagations of the 
SFRC slabs are somewhat similar to those of non-fibrous 
slabs failing in typical punching shear mode. The first cracks 
to form were the radial cracks originating from the column 
corners diagonally progress towards the edges of the slab, 
followed by flexural cracks around the column faces. As 

Fig. 3—(a) General dimension and loading positions; and (b) reinforcement details. (Note: Dimensions in mm; 1 mm = 
0.0394 in.)

Fig. 4—(a) Typical test setup; and (b) photograph of Specimen F09-06 after test. (Note: 1 mm = 0.0394 in.; 1 kg/m  = 0.67 lb/ft.)  
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the load was increased, those radial cracks would progress 
to reach slab edges while other flexural (surface) cracks 
emanating from column faces would form. Circumferential 
cracks would subsequently develop upon further loading, 
making the appearance of small square patterns of cracks. 
Relatively more cracks at closer spacings would develop in 
SFRC slabs than in non-fibrous slabs. The widths of cracks 
are also narrower in SFRC slabs than in non-fibrous slabs. 
As the applied load approached the failure load, the final 
circumferential crack would appear, indicating that the 
internal inclined shear crack has reached top surface of the 
slab. Naturally, the internal inclined shear crack forms the 
final circumferential crack.

Crack widths were measured at various load stages for 
those cracks that were within the region of 200 mm (7.9 in.) 
away from column faces. It was observed that the widths of 
surface cracks were narrower for the slabs containing higher 
fiber volume fractions Vf than those with lower Vf at all load 
stages. At a specific load level, more cracks but with narrower 
crack width would develop in specimens with higher Vf 
compared to specimens with lower Vf. Figure 7 shows the 
crack width development charts for all the 10 specimens.

Ultimate punching failure loads
Table 2 shows the loads at first cracks or first cracking 

load (Column 4) and the punching failure loads (Column 
5). It can be seen that the first cracking load increased with 
an increase in the fiber volume fraction, in particular for 
the F09-series slabs (flexural reinforcement ratio ρ = 0.9%). 
The load at first crack was between 100 and 120 kN (22.5 
and 27 kip). The addition of fibers beyond Vf of 0.6% does 
not seem to provide significant increase in the cracking 
load compared to the first cracking load of the slab with Vf 
of 0.6%.

Column 5 of Table 2 shows that the ultimate punching 
failure loads of the 10 slabs were considerably influenced 
by the fiber volume fraction Vf. By varying the fiber content 
from Vf of 0% to 1.2%, the punching failure loads increased 
by 190% or from 382 to 731 kN (85.9 to 164.3 kip) for the 
F09-series slabs. The increase in the F14-series slabs are 

higher, with punching failure loads increasing by 256% from 
382 to 977 kN (85.9 to 219.6 kip). Between the F09 series 
(ρ = 0.9%) and F14 series (ρ = 1.4%) specimens, the failure 
load increment due to the addition of steel fibers is steeper 
for slabs with higher ρ (F14 series), as shown in Column 6 
of Table 2. Thus, as expected, the results highlight that the 
flexural reinforcement ratios influenced the punching failure 
loads of the SFRC slabs.

Failure modes
Table 2 (Column 7) lists the observed failure modes of 

the slabs. The plain, non-fibrous slabs (F09-00 and F14-00) 
failed immediately after the peak loads were reached, so they 
had “brittle punching” failure mode. The four slabs with Vf 
= 0.3% and 0.6% also failed in punching but they were more 
ductile than the slabs without steel fiber, so the failure modes 
of these slabs were described as “ductile punching”. The 
other four slabs with Vf = 0.9% and 1.2% had an interesting 
failure mode. The punching failure occurred after the occur-
rence of flat portion in the load-deflection curve (refer to 
following discussion on load-deflection curves), which indi-
cates some yielding of the flexural reinforcements. So, the 
failure mode of these slabs is termed “flexural-punching”.

Load-deflection curves
The load-deflection curves of all the specimens are shown 

in Fig. 8 and 9. Figure 8(a) shows the complete curves of 
the F09-series slabs, while Fig. 8(b) shows the elastic region 
of Fig. 8(a). Figures 9(a) and (b) correspond to F14-series 
slabs.

As expected, the slabs exhibit a linear-elastic behavior 
prior to cracking. Upon further loading, the slopes of the 
curves reduce and they become nonlinear as the flexural 
stiffness of the slabs continue to drop. The flexural stiffness 
of the slabs with higher flexural reinforcement ratio degrades 
less after cracking. This can be seen by comparing Fig. 9 
and 8, in which the slopes of the F14 series slabs (Fig. 9) 
are steeper than the slopes of F09 series slabs (Fig. 8). The 
flexural stiffnesses of the slabs after cracking are also higher 
with increasing fiber volume fraction, as shown in Fig. 8(b) 

Fig. 5—(a) Typical arrangement of steel strain gauges; and (b) typical locations of LVDTs.
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and 9(b). This increases for a given value of ρ is due to the 
crack bridging of the fibers that was also observed in the 
notched beam tests shown in Fig. 2. This crack bridging 
makes the crack widths of SFRC slabs narrower than 
those of non-fibrous concrete slabs. Thus, the use of fibers 
can indeed improve slab performance at the service load 
level by reducing crack widths and maintaining stiffness 
after cracking.

At approximately 90% of failure load, the load-deflection 
curves for Specimens F09-09, F09-12, F14-09, and F14-12 
become nearly flat. This indicates that yielding of the flex-
ural reinforcement has occurred.

Figures 8(a) and 9(a) show that after failure the slabs 
containing steel fibers, even at fiber volume fraction Vf of 
only 0.3%, can still carry approximately 60% of their corre-
sponding peak loads. They can carry this level of loads for 
considerable amount of slab deformations until the experi-
ment was stopped. This shows that the double-hooked-end 
SFRC slabs can continue to carry their service loads even 
after experiencing punching failure.

Strains in flexural reinforcements
Figures 10 and 11 show the strains in the flexural rein-

forcements in F09 series and F14 series slabs, respectively. 
Figures 10(a) and 11(a) show the steel strains at failures of 

Fig. 6—(a) Ultimate cracks patterns of: (a) F09 series specimens; and (b) F14 series specimens. (Note: Top left labels are 
specimen IDs.)
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the first set of the strain gauges (G11 to G61). Similarly, 
Fig. 10(b) and 11(b) show the steel strains of the second set 
of the strain gauges (G12 to G52). These sets of strain gauges 
were intended to capture flexural strains in the high shear and 
high moment regions; that is, at the distance of roughly 50 to 
170 mm (1.9 to 6.7 in.) or roughly 0.5d to 1.5d from column 
face and/or where the flexural reinforcements are located.

Figures 10 and 11 show that flexural reinforcements in 
the non-fibrous slabs (F09-00 and F14-00) did not yield at 
failure, while the flexural reinforcements in the fiber rein-
forced concrete slabs yielded. The yielding of the flexural 
reinforcements became more widespread as the Vf increased 
from 0.3% to 1.2%, as shown in Fig. 10(a) and 11(a). Note, 
however, that the failure loads of slabs with higher Vf are 
much higher than those of non-fibrous slabs. As expected, 
the reinforcements in the F09-series slabs (ρ = 0.9%) 
reached the yield strains at a lower load than the F14-series 
slabs, and the strain values at any loading stage (after first 
cracks) were also higher in the F09-series slabs than in the 
F14-series slabs. At failure, the strains in the reinforcements 
of slabs with Vf = 0.9% and 1.2%, exceeded the yield strain 
even at locations near the edge of the slabs (Fig. 10(b) and 
11(b)). Therefore, it is clear that the initial failure modes of 
the double-hooked-end SFRC slabs are flexure, which were 
also indicated by the flat portions in the load-deflection 
curves shown earlier in Fig. 8 and 9.

Comparison with other slabs using hooked-end 
fibers

From the experimental results, it is clear that the inclusion 
of double hooked-end fibers can increase the failure loads or 
shear resistance of concrete slabs significantly. The increase 
in the shear resistance of the slabs are proportional to the 
amount of the steel fiber added and the flexural reinforce-
ment ratios ρ.

It is known that different types of fibers have different 
influences on the slab failure loads. Hence, to compare 
the effects of the two types of fibers on the punching shear 
strength, the chart in Fig. 12(a) was plotted to show the 
relationship between the normalized shear stress at failure 
Vexp/(bod√fc′) in the y-axis to match the ACI formula and the 
fiber volume fraction Vf in the x-axis. Figure 12(b) is similar 
to Fig. 12(a), except that the y-axis is Vexp/[ud 3√(100ρfc′)] 
instead, to match the Eurocode 2 formula. Note that bo and 
u are the critical shear perimeters calculated according to 
ACI 318-14 (0.5d away from column face) and Eurocode 2 
(2d away from column face with round corners), respec-
tively. The data for comparison were obtained from Harajli 
et al.19 and Gouveia et al.,21 in addition to the authors’ exper-
iment. Relevant properties of the concrete and slab speci-
mens are also provided in the legend of Fig. 12. Note that 
the authors used double-hooked-end fibers while Harajli et 
al.19 and Gouveia et al.21 used single-hooked-end fibers. The 

Fig. 7—Cracks widths in: (a) F09 specimens; and (b) F14 specimens.

Table 2—Experimental results of SFRC slabs

ID ρ, % Vf, %
Load at first 

crack, kN (kip)
Punching failure load

Vexp, kN (kip)
Percentage increase
in failure load, % Observed failure mode

1 2 3 4 5 6 7

F09-00

0.9

— 60 (13.5) 381.7 (85.8) — Brittle punching

F09-03 0.3 80 (18.0) 461 (103.6) 21 Ductile punching

F09-06 0.6 100 (22.5) 556 (125.0) 46 Ductile punching

F09-09 0.9 100 (22.5) 678 (152.4) 77 Flexural punching

F09-12 1.2 120 (27.0) 731 (164.3) 91 Flexural punching

F14-00

1.4

— 80 (18.0) 382.3 (85.9) — Brittle punching

F14-03 0.3 80 (18.0) 466 (104.8) 22 Ductile punching

F14-06 0.6 100 (22.5) 587 (132.0) 55 Ductile punching

F14-09 0.9 100 (22.5) 806 (181.2) 111 Flexural punching

F14-12 1.2 100 (22.5) 977 (219.6) 156 Flexural punching

Notes: Vexp in Column 5 is failure load plus self-weight of slab outside perimeter measured at d away from column faces and weight of test equipment placed on top of slab.
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relationships (trend lines) shown in Fig. 12 confirm that the 
punching shear strength of a slab, in general, increases with 
an increase in fiber volume fraction. The calculated shear 

strength according to ACI 318-14 and Eurocode 2 are also 
shown in Fig. 12(a) and (b), respectively, for rough compar-
ison purposes. From Fig. 12(a) and (b), it can be seen that a 

Fig. 8—Load-deflection curves of F09 series slabs: (a) full curves; and (b) early load stage. (Note: Deflection is average of four 
deflections at D9, D11, D13, and, D15 of Fig. 5(b).)

Fig. 9—Load-deflection curves of F14 series slabs: (a) full curves; and (b) early load stage. (Note: Deflection is average of four 
deflections at D9, D11, D13, and D15 of Fig. 5(b).)

Fig. 10—Strain distributions of F09 series slabs at failure: (a) strain locations at 50 mm (1.97 in.) from line of column face; 
and (b) strain locations at 170 mm (6.69 in.) from line of column face.
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rise in the shear resistance of the authors’ 10 slabs is partic-
ularly steeper than those of other slabs from Harajli et al.19 
and Gouveia et al.21 An average increase in the punching 
shear strength of Harajli et al.’s slabs is approximately 
35% (Fig. 12(a)), or 25% according to Fig. 12(b) when the 
fiber volume fraction increases from zero to 2% (with ρ = 
1.12%, Lf/Df = 80). The punching shear strength increases 
by 50% (Fig. 12(a)) or 65% (Fig. 12(b)) for Gouveia et al.’s 
slabs when the fiber volume fraction increases from zero to 
1.0% (with ρ = 1%, Lf/Df = 65). For the authors’ slabs, the 
average increase is approximately 95% (Fig. 12(a)) or 110% 
(Fig. 12(b)) when the fiber volume fraction increases from 
0.0 to 1.2%. As shown earlier in Table 2, however, that the 
punching shear strength of the authors’ F14-12 slab (Vf = 
1.2%) is approximately 156% higher than the strength of the 
non-fibrous slab (F14-00).

These comparisons show that the double hooked-end 
steel fibers have stronger positive effects on the punching 
shear strength of SFRC slabs than the single-hooked-end 
fibers. This is caused by the end shape of the fibers. The 
shape of a double-hooked-end steel fiber is such that its end 
forms a double hook, which can provide a stronger bond 
and thus less slippage compared to the end part of a normal 
single-hooked-end fiber (refer to Fig 1). This means that 
the double-hooked-end fibers also have better frictional or 
pullout resistance and better anchorage strength compared 
to the single-hooked-end fibers. Thus, the stress that can 

develop in the double-hooked-end fibers can be higher than 
the stress in the single-hooked-end fibers.

DESIGN METHODS AND YIELD LINE ANALYSIS
The methods described in the following are chosen 

because they are the more recent methods and they use more 
representative material properties to calculate the punching 
shear strength. Those material properties are the residual 
tensile strengths of the steel fiber reinforced concrete that 
are obtained by flexural tensile tests of a series of notched 
SFRC prisms. In this research, the flexural tensile tests were 
done according to EN 14651.25 The residual tensile strengths 
will be able to show the influence of fiber volume fraction Vf 
more directly. The use of residual tensile strengths in calcu-
lating the ultimate punching shear strengths of SFRC slabs 
also eliminates the need to differentiate between different 
types of fibers as the performance of different fibers in 
tension is known directly.

Technical Report 34 by the Concrete Society4

The Concrete Society’s TR 344 provides a design equa-
tion for calculating the punching shear strength of a fiber- 
reinforced concrete (FRC) slab. The method is based on the 
Eurocode 210 (EC2) equation and the design recommenda-
tions by RILEM.24 The punching shear strength comprises 
of two components: the shear strengths contributed by the 
non-fibrous reinforced concrete, vc (EC2’s shear strength 

Fig. 11—Strain distributions of F14 series slabs at failure: (a) strain locations at 50 mm (1.97 in.) from line of column face; 
and (b) strain locations at 170 mm (6.69 in.) from line of column face.

Fig. 12—Relationship between normalized punching shear stress at failure with fiber volume fraction Vf.
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equation), and the strength contributed by the FRC, vf. TR 
34 recommends to use only 50% of the RILEM’s shear 
strength for FRC beams or vf = 0.5 × 0.12fr. The method can 
be summarized as follows

	 V v v udRd TR c f,
( )

34
= + 	 (1)

where

	 v k fc c= ′0 18 100
1 3

. ( )
/ρ  (in SI units)	 (2)

	 v f ff r r= × =0 5 0 12 0 06. . .  (in SI units)	 (3)

	 f f f f fr r r r r= + + +( / )( )1 4
1 2 3 4

	 (4)

The parameter u is the critical shear perimeter and it is calcu-
lated at a distance of 2d from column faces and it has round 
corners. k is the size effect coefficient: k d= + ≤1 200 2 0/ .

. The ρ is the average flexural reinforcement ratio  
(ρ ρ ρ= ≤x y 0 02. ). The average residual flexural strength fr 
is taken to be the average value of fr1, fr2, fr3, and fr4, which 
are the residual flexural strengths corresponding to CMOD 
of 0.5, 1.5, 2.5, and 3.5 mm (0.02, 0.06, 0.10, and 0.14 in.), 
respectively. Some results of flexural tensile tests of the 
authors’ SFRC prisms or beams are shown in Fig. 2.

Model Code 201011

The Model Code 2010’s simple equation for the punching 
shear strength of a FRC slab is shown in Eq. (5). Similar 
to the TR34, the shear strength contributed by the FRC vf 
is simply added to the basic shear strength of non-fibrous 
reinforced concrete vc to become the total punching shear 
strength VRd as given by

	 V v v b dRd c f o,
( )

MC2010
= + 	 (5)

The basic punching shear strength vc here is based on the 
Critical Shear Crack Theory30 and is given in Eq. (6). The 
punching shear strength is a function of √fc′ and the factor 
= 1/[1.5+0.9kdgψd], which is a factor accounting for the 
opening and the roughness of the cracks.

	 v
k d

f fc
dg

c c=
+

′ ≤ ′
1

1 5 0 9
0 6

. .
.

ψ
 (in SI units)	 (6)

	 ψ = 1 5.
r
d
f
E

s y

s

	 (7)

	 k
ddg
a

=
+
32

16
	 (8)

where the slab rotation ψ (Eq. (7)) is the simplest form of 
equations for approximating the rotation of a slab provided 
in Model Code 2010. Other robust forms of equations 
need an iterative analysis. The basic control perimeter bo 
has round corners and it is calculated at d/2 away from the 
column faces. kdg is the size effect factor that depends on the 
maximum aggregate size da. rs is the radius of the slab (= 

half of a slab length or 0.22L) where L is column-to-column 
span. The maximum value of √fc′ in Eq. (6) is limited to 
8.0 MPa (1160.3 psi). In Eq. (8), da is taken to be zero for 
high-strength concrete (fc′ > 70 MPa [10152.6 psi]) and for 
lightweight concrete.

The shear strength contribution due to the presence of 
FRC vf can be derived based on the simplified post-cracking 
constitutive laws in Sect 5.8 of the Model Code 2010.11 
Model Code 201011 provides two equations for calculating 
vf. The first equation shown in Eq. (9) is based on the consti-
tutive law called “rigid-plastic model” in which the residual 
tensile stress is assumed a constant (= fr3/3) at any crack 
opening. The second equation shown in Eq. (10) is based on 
the “linear model” where the residual tensile stress is 0.45fr1 
at the tip of crack opening and linearly proportional to the 
maximum crack opening wu, with the wu taken to be 1.5 mm 
(0.06 in.). The two equations of vf are

	 v
f

f
r=

3
 (Rigid plastic model)	 (9)

v f
w

f ff r
u

r r= − −0 45
2 5

0 65 0 5
1 1 3

.
.
( . . ) (Linear model)	 (10)

The second equation of vf in Eq. (10) considers the post-
crack hardening and post-crack softening behaviors of the 
cracked FRC members. Since these post-crack behaviors 
were observed and discussed earlier (refer to Fig. 2(a)), 
the authors use vf in Eq. (10) for the Model Code 2010’s 
method in the subsequent analysis and comparison with the 
test results.

Yield line theory29

ACI 544.6R1 has provided several design approaches for 
evaluating the flexural strength of SFRC slabs, in which the 
yield line theory29 is used as the basis. In this paper, the flex-
ural strength Vflex of a slab is defined as the applied shear 
force that causes flexural failure of the slab, and Vflex can be 
calculated using the yield line theory. One of the challenges 
in yield line analysis is to identify the correct and admis-
sible yield line pattern of a slab that can represent the actual 
failure mechanism. An admissible yield line pattern is very 
much influenced by various factors such as slab geometry, 
reinforcement ratio, and loading condition. However, for a 
slab loaded on the column, the Vflex can typically be deter-
mined from the so-called “circular fan” yield line pattern, 
which is also suggested in ACI 544.6R.1 This yield line 
pattern is similar (though different in diameter) to the actual 
crack patterns of the authors’ slabs that have ductile failures 
(Slabs F09-09, F09-12, F14-09, and F14-12).

The equation of Vflex for the circular fan pattern is31

	 V m
c c
rflex u=
+

+





2
2

1 2
( )

π 	 (11)

where c1 and c2 are the lengths of long and short sides of 
column section, respectively. For the current analysis, c1 and 
c2 become c, which is the side length of a square column. r 
is the distance from the column face to the point load (for 
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design purposes, r can also be assumed to be 0.2L, with L 
being the column-to-column span). The derivation of the 
corresponding Vflex can be obtained in the book by Park and 
Gamble.31 The ultimate moment capacity mu per unit width 
is given in Eq. (12) and (13). For a non-fibrous RC member, 
the moment capacity mu can be calculated as follows

	 m d f
f

fu y
y= −







ρ 2 1 0 59.
'

ρ

c

  

	 (For non-fibrous RC members)	 (12)

There is no standard design rule for calculating the 
moment capacity of SFRC members yet. According to 
TR 34,4 the classical beam bending approach can be used 
to derive a standard equation for calculating the ultimate 
moment capacity per unit width for a SFRC member, where 
tension-controlled failure is assumed. The concrete tensile 
stress along crack openings is included in the analysis and 
that leads to the following equation4

	
m h d f h

d

h f

u r r y

r

= +( ) + −



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= +

2
1 4

2

2
1

0 16 0 29 1 0 048

0 072 0 1

. . .

. .

σ σ

007 1 0 0484
2f d f h

dr y( ) + −





.

ρ

ρ
  

	 (For FRC members)	 (13)

where σr1 (= 0.45fr1) and σr4 (= 0.37fr4) are the equiv-
alent tensile stresses24 at the neutral axis (tip of the crack 
opening) and at the maximum crack opening at the tension 
face, respectively. fr1 and fr4 are obtained from the notched 
beam tests done according to EN 1465125 and they are 
the residual tensile strengths corresponding to the CMOD 
of 0.5 and 3.5 mm (0.0197 and 0.138 in.), respectively. A 
more complex form of mu is also provided in TR34,4 which 
requires iterative procedure. For verification and comparison 
purposes in this study, the authors used the simple equations 
of mu given in Eq. (12) and (13) in the subsequent analysis.

COMPARISONS OF DESIGN METHODS WITH 
TEST RESULTS

Table 3 shows the comparisons and verifications of the 
performance of Model Code 201011 method, TR 344 method, 
as well as the yield line theory (Vflex) with the current 10 
slabs. For the purpose of comparisons in this section, all the 
load factors, materials safety factors, and strength reduction 
factors are set equal to 1.0. The failure load of each specimen 
Vexp includes the self-weight of the slab outside the perimeter 
measured at d away from the column faces and the weight of 
test equipment placed on top of the slab. The performance of 
each method will be evaluated by statistical analysis of the 
ratio of the experimental failure load to the calculated failure 
load (Vexp/Vcalc).

Performance of yield line theory
The analysis results in Columns 2 and 4 of Table 3 show 

the failure loads Vexp of the slabs and the calculated strength 
Vflex using the yield line theory. The ratios of Vexp/Vcalc, shown 

in Column 11, are significantly lower than 1.0 (average Vexp/
Vcalc = 0.71). This indicates that the punching shear strength 
calculated by the yield line theory (Vflex) overestimates the 
actual strength significantly. It was discussed earlier that the 
failures of the slabs with a high fiber volume fraction such 
as F09-09, F09-12, F14-09, and F14-12 were initiated by 
flexure. Obviously, the failure might have involved more 
than just simple “circular fan” type flexure failure, but also 
other factors as well. The authors have earlier discussed 
some of the factors affecting flexural failures for non-fibrous 
slabs in Ref. 32. The presence of high bending moment in 
the same location as high shear force is an important factor. 
It may cause the slabs to fail at lower loads then slabs 
subjected to high bending moment but low shear force. The 
double-hooked-end fibers are also a recent invention.28 All 
these factors, including the fact that punching stresses are 
three dimensional, may affect the accuracy of the yield-line-
theory based method.

Performance of TR34
The TR34 method performs the best among the three 

methods, with a coefficient of variation (COV) of only 12% 
and an average value of Vexp/Vcalc of 0.99 (refer to Table 3, 
Column 12). The predicted increment in shear strength VRf 
(Column 6) due to an addition of the double hooked-end 
fibers is relatively consistent with the failure load increments 
ΔV of the slabs (shown in Column 3). Yet, in Column 12 of 
Table 3, the TR34’s method is shown to overestimate slightly 
the strength of the slabs with low fiber volume fraction and 
slabs without fibers (F09-03, F09-00, F14-03 and F14-00). 
This is somewhat expected, because the TR34 method for 
non-fibrous slabs is essentially the Eurocode 2 method 
without the vf term. The authors32 have previously evalu-
ated the performance of Eurocode 2 (EC2) for high strength 
non-fibrous concrete slabs. It was found that the EC2 equa-
tion tends to overestimate the strengths of the high-strength, 
non-fibrous concrete slabs, especially for concrete strength 
fc′ greater than 80 MPa (11,600 psi). Overall, nevertheless, 
the TR-34 method can be considered accurate.

Performance of Model Code 2010
The MC2010 method is less accurate compared to the 

other two methods. Even though its average Vexp/Vcalc is 0.99, 
its COV is very large (44%; refer to Table 3, Column 13). 
The highly scattered predictions are because of the underes-
timation of the strengths of slabs without fibers (maximum 
Vexp/Vcalc of 1.81) and overestimation of the strengths of slabs 
with fibers (minimum Vexp/Vcalc of 0.58). The overly conser-
vative prediction of the F09-00 and F14-00 can be due to 
the inaccuracy of the simplified formula for slab rotation ψ 
in Eq. (7). Yet, it is difficult to see the cause of inaccuracy 
without doing comprehensive study of the MC2010. Such 
study is not the intention of this paper. The more complex 
form of ψ in MC2010, which requires iterative procedures 
and considers the influence of reinforcement ratios, may 
increase accuracy. The MC2010 method considers the 
contribution of the fibers to punching shear strength through 
the VRf (= vf × bod) term. It can be seen in Column 9 of 
Table 3 that VRf terms are too high when compared to the 
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actual increment of failure load due to the contribution of 
fiber, ΔV, shown in Column 3. This clearly indicates that 
MC2010 overestimates the contribution of the fibers.

CONCLUSIONS
Based on the experimental results reported herein and the 

accompanying discussions, the following conclusions can 
be drawn:

1. The punching shear strength of a slab can be signifi-
cantly enhanced by the inclusion of steel fibers. The exper-
imental results show that the punching shear strength of the 
double-hooked-end SFRC slabs having volume fraction of 
1.2% can be on average more than 110% higher and up to 
even 156% higher individually than the strengths of similar 
non-fibrous concrete slabs of the same flexural reinforce-
ment ratio. This is considerably higher than the increment 
introduced by conventional single-hooked-end steel fibers, 
which can increase punching shear strength on average by 
approximately 35 to 65%, depending on volume fraction and 
fiber aspect ratio.

2. After punching failure, the residual strength of double-
hooked-end SFRC slabs is approximately 60% of their 

corresponding peak loads, even for those with low fiber 
volume fraction Vf of only 0.3%. This means that the double-
hooked-end SFRC slabs can continue to carry their full 
service loads (approximately 60% of ultimate load) even 
after experiencing punching failure.

3. The addition of fibers can enhance the serviceability 
performance of the slabs. It can delay the occurence of first 
flexural cracks because the concrete flexural tensile strength 
or modulus of rupture is increased. The crack widths at all 
stages of loadings are reduced with an increase in the fiber 
volume fraction.

4. As the fiber volume fraction Vf increases, the ductility 
of the slab increases as well and its punching shear strength 
also increases. For a fiber volume fraction of 0.9% (fiber 
dosage = 70.2 kg/m3 [4.5 lb/ft3]) or higher, the punching 
failure mode of the slab, with flexural reinforcement ratio ρ 
of 1.4% or less, becomes very ductile as the failure is initi-
ated by flexural failure before punching failure occurs.

5. The Concrete Society’s TR 34 method is accurate for the 
current SFRC slabs. The method of the Model Code 2010, 
using the non-iterative approach, is inaccurate and unconser-
vative for the current slabs. The method based on the yield 

Table 3—Comparisons of design methods with experimental results

ID
Vexp, kN

(kip)
ΔV, kN

(kip)

Vflex

Eq. (11), 
kN (kip)

TR34 MC2010 Vexp/Vcalc

Vc

Eq. (2), kN 
(kip)

VRf

Eq. (3), 
kN (kip)

VRd

Eq. (1)
[(5) + (6)], 
kN (kip)

Vc

Eq. (6), 
kN (kip)

VRf

Eq.
(10), kN

(kip)

VRd

Eq. (5)
[(8) + (9)], 
kN (kip)

YLT
[(2)/(4)]

TR34
[(2)/(7)]

MC 2010
[(2)/(10)]

1 2 3 4 5 6 7 8 9 10 11 12 13

F09-00 381.7
(85.8) — 505.4

(113.6)
398.0 
(89.5) — 398.0 

(89.5)
212.4
(47.8) — 212.4 

(47.8) 0.76 0.96 1.80

F09-03 461 
(103.6)

79
(17.8)

623.0 
(140.1)

412.4 
(92.7)

89.6 
(20.1)

502.0 
(113)

212.4
(47.8)

300.8
(67.6)

513.2 
(115.4) 0.74 0.92 0.90

F09-06 556 
(125.0)

174 
(39.1)

701.8 
(157.8)

409.3 
(92.0)

158.1 
(35.5)

567.4
(127.6)

212.4
(47.8)

503.3 
(113.2)

715.7 
(160.9) 0.79 0.98 0.78

F09-09 678 
(152.4)

296 
(66.5)

868.2 
(195.2)

413.9 
(93.1)

252.1 
(56.7)

666.0
(149.7)

212.4
(47.8)

799.1 
(179.7)

1011.6 
(227.4) 0.78 1.02 0.67

F09-12 731
(164.3)

349 
(78.5)

992.0 
(223.0)

428.7 
(96.4)

327.0 
(73.5)

755.7 
(169.9)

212.4
(47.8)

1053.2 
(236.8)

1265.6 
(284.5) 0.74 0.97 0.58

F14-00 382.3 
(85.9) — 716.4 

(161.1)
440.6 
(99.1) — 440.6 

(99.1)
211.5
(47.5) — 211.5 

(47.5) 0.53 0.87 1.81

F14-03 466
(104.8)

84 
(18.9)

842.9 
(189.5)

456.6 
(102.7)

85.9 
(19.3)

542.4 
(121.9)

211.5
(47.5)

290.7 
(65.4)

502.3
(112.9) 0.55 0.86 0.93

F14-06 587
(132.0)

205 
(46.1)

921.8 
(207.2)

453.1 
(101.9)

151.5 
(34.1)

604.6 
(135.9)

211.5
(47.5)

486.4 
(109.4)

697.9 
(156.9) 0.64 0.97 0.84

F14-09 806
(181.2)

424 
(95.3)

1088.2 
(244.6)

458.3 
(103.0)

241.6 
(54.3)

699.9 
(157.4)

211.5
(47.5)

772.4 
(173.7)

983.9 
(221.2) 0.74 1.15 0.82

F14-12 977
(219.6)

595 
(134)

1211.9 
(272.5)

474.7 
(106.7)

313.3 
(70.4)

788.0 
(177.2)

211.5
(47.5)

1017.9 
(228.8)

1229.5 
(276.4) 0.81 1.24 0.79

Minimum 0.53 0.86 0.58

Maximum 0.81 1.24 1.81

Average 0.71 0.99 0.99

COV 0.139 0.120 0.44

Notes: Vexp in Column 2 is failure load plus self-weight of slab outside perimeter measured at d away from column faces and weight of test equipment placed on top of slab. ΔV in 
Column 3 is the failure load increment due to addition of fibers to base or non-fibrous slab in the series (either F09-00 or F14-00). Vc = vc × (ud) or vc×(bod) and VRf = vf × (ud) or vf 

× (bod).
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line theory, which is usually used for slabs failing in ductile 
punching as presented herein, is also unconservative as it 
overestimates the punching strength of all the SFRC slabs.
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