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FOREWORD

The 36™ Conference on Our World in Concrete and Structures (OWICS11) is themed
“‘Recent Advances in the Technology of Fresh Concrete”. This has always been a
major area of focus in this series of conference. Over the years many papers have
been presented in this area of concrete research. The intention this year is to bring
together all those who share a common interest in this subject area to promote the
sharing of new ideas and to sharpen the focus on the significant development and
innovation that has taken place in recent years.

OWICS11 is also very special as we are dedicating it to Professor Olafur H
Wallervick of the Innovation Centre Iceland for his support of this conference series
and for his acknowledged contributions to concrete technology. He will deliver the
OWICS11 Conference lecture.

The number of eminent and world renown speakers we have this year have
exceeded all our expectations and | would like to thank all speakers, authors and
participants for their contributions. Thanks are also due to the OWICS Honorary
Chairmen, the OWICS Advisors, our Sponsors and the Organizing Committee.

Khim Chye Gary ONG

&

Min-Hong ZHANG
Conference Chairpersons
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SHEAR ANALYSIS OF REINFORCED CONCRETE SLABS WITH
EFFECTIVE MOMENT OF INERTIA

Yu Liu*, Jimmy Chandra” and Susanto Teng*

"School of Civil & Environmental Engineeering
Nanyang Technological University
Blk N1, #50 Nanyang Avenue, Singapore 639798
e-mail: <cliuy@ntu.edu.sg> webpage: http://www.cee.ntu.edu.sg/

Keywords: Reinforced concrete slabs, Finite element analysis, Shear failure, Effective stiffness

Abstract. The effective moment of inertia concept has been used to evaluate the
bending stiffnesses of reinforced concrete (RC) members in design codes. Later,
it was combined with finite element (FE) methods to calculate the deflection
responses of RC slabs. However, the failure of the slabs cannot be predicted by
the effective moment of inertia based method. In this work, an empirical failure
criterion for RC slabs under bending and shear was adopted and modified to
consider the stiffness degradation of shell elements in FE analysis. In order to
predict the shear failure of the slabs, a softening curve for the bending and shear
stiffnesses was proposed. The model parameters in the failure criterion were
calibrated according to published test results. The comparison between the
numerical and the experimental results shows that the proposed method can
predict the deflection response and the shear strength of the analyzed slabs with
acceptable accuracy.

1 INTRODUCTION

The finite element (FE) analysis of reinforced concrete (RC) slabs is generall¥ carried out by
adopting either a layered element approach or an effective stiffness approach'. The layered
approach divides the plate or shell elements into several layers through the thickness, and each
layer has its own independent material properties. The layered plate or shell elements can be
used to easily consider the nonlinear properties of concrete and the presence of steel
reinforcements. Hence, their application in the FE analysis of RC slabs has been popular®®. With
the layered approach, one needs to call the constitutive model of concrete for each layer at each
integration point of the elements. Hence, the analysis can be expensive and time consuming.
Furthermore, the difficulties and complexities in modeling the concrete restrict the accuracy of the
analysis results.

On the other hand, the effective stiffness approach®® adopts an empirical effective bending
stiffness of the element cross section to replace the iteration through the thickness for summing
up the contributions of each layer. This approach can provide reasonable estimates of slab
deflections in the early stage of loading. The computational cost is also much lower as compared
with the layered method. However, the failure of the slabs cannot be predicted by using this
method.

In this work, efforts have been made to predict the shear failure of reinforced concrete (RC)
slabs through FE analysis using the effective stiffness approach. In the next section, the used

* Nanyang Technological University, Singapore 313
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finite element is described. Then, in Section 3, the material matrix based on the effective moment
of inertial concept is derived. In order to predict the shear failure of the slabs, a softening curve
for the bending and shear stiffnesses is also proposed based on an empirical failure criterion for
RC slabs under bending and shear. Some numerical examples are worked out and compared
with the experimental results in Section 4 and the paper is summarized in Section 5.

2 FINITE ELEMENT FORMULA

In this work, a 9-node heterosis shell element Tis adopted. It had been modified to be a non-
layered form®. In the non-layered shell element, the general strain vectors comprises of 8 component,
ie.,

e={60 €0 Yow Ve Ve O 0, 0.F (1)

where &, , &,, and 7,  are the in-plane strains at mid-plane (z = 0); y.. and y,, are the transverse

y
shear stains; ¢, ¢, and ¢  are the curvatures. The new 8x45 geometric matrix which maps the
general nodal displacements into the general strains, B,, was derived to replace the original 5x45

geometric matrices, B, for the layered element where the general strain vectors include only 5
components (&, &, yx» 7x- @and y,.).

The first 5 rows of B,, are the same as those of matrix B at mid-layer (z =0). The last 3 rows of B,
are obtained from

0, 9, 0 N. 0 v

’ ] 0. 9 ’ . 0’

o, t=|0 3,4 t=>0 N|{ (2)
’ ey i=1 i i ely

9, Jd, d, N, N,

where g and g; (i = 1--9) are the nodal rotation angles; N! and N (i = 1:9) are the partial

derivatives of the shape functions N " with respect to x and y, respectively. With material matrix, D,
and the geometric matrix, B, the element stiffness matrix can be obtained by numerical integration as

K. =B, DB, Q. (3)

The selective integration scheme is adopted in Eq.(3) to avoid the locking problem. The material
matrix D is discussed in the next section.

3 MATERIAL MATRIX

3.1 Material matrix before cracking

For an orthotropic elastic plane stress problem, the stress-strain relationship is

Oy Ex VyEx 0 Ex
{ay } =—|wE & 0 I‘Sy } (4)

1-vy
Txy ke 0 (1—=vyvy)Gyy| Yry

where E,, v, and E,, v, are the moduli and Poisson’s ratios in x and y directions, respectively; G,, is the
shear modulus in x-y plane. In the shell element, the in-plane strains can be calculated from the
curvatures and the mid-plane strains as

Ex Eox Px
Vxy Yoxy Pxy
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The in-plain forces are thus calculated as

Nx Ox Ex v}’Ex 0 Eox
t/2 t
Ny = f_i/z { O-y }dz — 1_vxvy VxEy Ey 0 { goy } (6)
Ny, Txy 0 0o (1- vay)ny Yoxy

where ¢ is the thickness. The moments are obtained as

Mx /2 Oy 3 Ex VJ’EX 0 Dy
My, b= f_/ {ay }zdz =12 \vE, E 0 {(py } . @)
& 0 (1—vyvy)Gyy] \Pry

The transverse shear forces-strain relationship is

(=1 e =% 210 ®

From Eqgs.(6)-(8), the material matrix D is obtained as

- tE, tvyEx 0 0 0 0 0 0 -
1-vyVy  1-VyVy,
N thEy tEy
( Nx ) —1_My r—— 0 0 0 0 0 0 7 €0x \
Y 0 0 tG, O 0 0 0 0 || %
ny Y yOxy
0 0 0 0 tGy, 0 0 0 0 v
4 Q" L= 0 0 0 0 Gy, 0 0 0 | y"z ; ©)
y 3 3 yz
M, 0 0 0 o o Btz WEZ ||
M, vy E tx3/y12 E t3x/1y2 Py
X7y Y \ Pxy J
My,) | o 0 0 o o HEIR BOE o |len
t3Gyy
0 0 0 0 0 0 0 —
12 -
Before cracking, the shell elements behave linearly, and
E
Ex=E,=E, vy=v,=0, Gry = Gyz = Gy, = G = 2(1:%) (10)

where E, and v, are the modulus and the Poisson’s ratio of the concrete, respectively.

3.2 Stiffness reduction factors

After cracking, the stiffnesses of the shell element, in Eq.(9), will degrade. Polak® and Vecchio &
Tata® defined the stiffness reduction factors a, and a, to consider the concrete cracking induced
stiffness degradation in the x- and y- directions, respectively. The stiffness reduction factors a, and a,
were defined based on the concept of effective moment of inertia, which is calculated as,

=5+ 1 25
_ frlg

where M., = 5 is the cracking moment; f.= 0.6\/f’ is the modulus of rupture of the concrete; y, is
t

the distance from neural axis to the tension face of the uncracked section; I, is the gross moment of
inertia; I is the moment of inertia of the fully cracked cross section; M€ is the elastic bending
moment; and a = 3.

Given the details of the element’s cross sections in x- and y- directions and the current general
strain vector, the effective moment of inertias in x- and y- directions, I, and I.,,, can be calculated. To
account for the torsional moment, M,, in the shell elements, the elastic bending moment, Af, in
Eq.(11), was suggested to be replaced by a generalized moment, 1€, as

Mg = |Mg|+ Mg, |, Mg =|ME|+ Mg (12)
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where the elastic moments Mg, My and Mg, are calculated from Eq.(9) when Eq.(10) is used. The
stiffness reduction factors a, and a, were thus defined as,

= lox/1 gx: ay = Iey/Igy (13)

Finally, the concrete cracking induced stiffness degradation of the shell elements is taken into
account by a, and «,, and Eq.(10) is updated as

Ey = ayE,, E,=ayE, Uy = Qule, Uy = QU

14
Gry = QytyGer  Gyy = AyGe  Gyy = G, (14)

It has been shown that with Eq.(14), the reasonably good estimates to the deflection of RC slabs
under service load level can be achieved”.

3.3 Modified stiffness reduction factors

To predict the failure of the analyzed slabs, we need to account for the further degradation of the
stiffnesses due to steel yielding and shear failure of the concrete. In th|s work, an empirical failure
criterion for RC slabs subjected to shear and bending by Yamada et. al.” is used, i.e.,

M/Mp V/V\* _
(143) +(143) =1 (19)
where M,, and ¥}, are the bending moment capacity and the shear capacity of the considered slab,

respectlvely To measure the further stiffness degradation of the shell elements, a factor R is defined,
similar to Eq.(15), as

) "

Cm Co

where Cy and C, are model parameters which will be discussed in the next section. The bending
moment capacity of the considered cross section can be calculated as

M, = pdfyjq (17)

where p is the tension steel reinforcement ratio; d is the effective depth of slab; f, is the yielding
strength of the tension steel; and j, is the distance from the tension steel to the resultant compressrve
force of the cross section. The shear capacity is calculated using the empirical formula™

1/3
Qn =59t £+ PN %] " + dpufin (18)

where p' is the compression steel reinforcement ratio; f. is the compressive strength of concrete in
psi; p,, is the shear steel reinforcement ratio; and f,,, is the yielding strength of the shear steel.

During FE analysis, the factors used to measure the further stiffness degradation in x- and y-
directions, R, and R,, can be calculated according to Egs.(16)-(18). The modified stiffness reduction
factors are then defined as

ay=ay/(1+Ry), ay,=a,/(1+R,)) (19)

In this work, the stiffness reduction factors o, and «, in Eq.(14) are replaced by the modified factors
ay and a; in Eq.(19). The softening caused by steel yielding and shear failure of the concrete is thus
taken into account.

4 NUMERICAL EXAMPLES

The material matrix discussed above has been implemented as a user defined material in the
finite element analysis program FEAP'". /I The secant stiffness scheme is adopted in the computation.
The model parameters C,, and C, in Eq.(16) are chosen as 3.3 and 1.6 by trial and error method.
Three serieses of slabs are analysed and the obtained results are compared with the test results.
The first and the second serleses include four slabs tested at Talbot laboratory, University of lllinois
by Elstner and Hognestad'2. The third series includes five slabs tested at research and development
laboratory of Portland Cement Association also by Elstner and Hognestad
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4.1 Slabs supported on four edges with corners free to lift (Series II)12

The series Il of the experiment involved 3 panels of 152.4mm thick slabs loaded monolithically
through 356mm column stubs. The slabs were simply supported at four edges with the corners free to
lift. The slab details are shown in Table 1.

Dimensions Depth Concrete Reinforcement
Specimen , ,
(mm) (mm) | f'.(MPa) | E_(MPa)| f, (MPa)| p'% | p %
A-4 1828.8 x 1828.8 x 152.4 117.6 26.2 24449 332.7 06 | 1.2
A-5 1828.8 x 1828.8 x 152.4 114.3 27.8 25212 321.7 1.2 | 25
A-6 1828.8 x 1828.8 x 152.4 114.3 25.1 23947 321.7 1.2 | 3.7

Table 1: Details of slabs in series Il

A/,;\Z

M 1z 11z 114 115 116 17 118 19 120 [

100 101|102 103|104 105 106 107 108 109 110
150 160 20 h 240 [ 250
29 an a1 2z a3 24 a5 96 a7 a8 29
78 70 |0 e sz 83 84 85 86 87 28
130 14 200 h 210 q 2;n
u=0
ex: O 57 68 |80 T |7 72 73 74 i 6 i
56 &7 |58 80 |60 61 62 63 64 65 66
1o Fn] 1o n 180 i Lal
46 46 |47 4 |40 50 51 52 53 54 55
34 35 | |38 20 40 41 42 43 44
io 40 §o n 9o i [t]
4 |28 2w |27 28 20 0 3 3z 33
12 13 |14 15 |18 17 18 19 20 2 22
127%1 Bn ig 5o n 6o a 7o
15,2 3 4 5 [} 7 8 ] 10 "
L —_ .
1424 . >§ > x
v=0, 6,=0

Figure 1: Computational modelling of slabs

A quarter of slab is modelled using 121 nodes and 25 elements as shown in Figure 1. The
loadings were applied equally at nodes 1, 2, 12 and 13 (position of column stud). Since only a
quarter of slab is modelled, the rotation angle 6,, and the displacement v of the boundary nodes on
line y = 0 are zeros, because of symmetry. The rotation angle 6,, and the displacement u of the
boundary nodes on line x = 0 are also zeros. The obtained results of load versus central deflection
curves are plotted in Figure 2 together with the test results. The typical deflection distributions at the
early stage and the near failure stage are shown in Figure 3. From Figure 3b, the deformation
localization close to the column can be observed, which indicates that a punching shear failure has
happened. The numerical results are generally agreeable with the experimental results.
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Central deflection (mm)

Figure 2: Load-central deflection curves of slabs in series Il

*

a. Deflection distribution at early stage b. Deflection distribution near failure

Figure 3: Typical deflection distributions

4.2 Slabs supported at four corners (Series 1V)?

The series IV involves one slab supported on four corners and loaded through a 254mm column
stub. The details of the slab are shown in Table 2. Similarly, a quarter of the slab is modelled with
121 nodes and 25 elements and the symmetric boundary conditions are applied to the nodes on lines
x=0and y=0. The obtained load versus central deflection curve are plotted and compared with the
test result in Figure 4. The predicted strength conforms to the experimental result while the predicted
central deflection is larger than the experimental observation.
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Dimensions Depth Concrete Reinforcement
Specimen ) ,
(mm) (mm) | f'.(MPa) | E_(MPa) | f,(MPa) | p’% | p%
A7a 1828.8 x 1828.8 x 152.4 | 114.3 28.5 25293 321.7 12 | 2.5
Table 2 Details of slab A7a in series IV

300kN R e A e e o ]
i I

Y. 7ot SO R

T [ | |

: | |

200kN Al i s 4

: | i

L A |

i | |

100kN 1 SR e s 3

| | |

I | |

4-——————— _—————— 9

I | |

[} | |

Central deflection (mm)

Figure 4: Load-central deflection curves for slab in series IV

4.3 Slabs supported on four edges with corners free to lift (Series VIII)12

In this work, 5 slabs in series VIII are also selected to analysis. They are loaded through 254mm
column stubs, and simply supported at four edges with the corners free to lift. There is no
compression steel and the tension steel reinforcement ratios range from 0.5% to 3.0%. For the slab
DEH B12, two rows of vertical stirrup with cross sectional area of 1419mm? were used, and the shear
reinforcement ratio is about 0.57%. The slab details are shown in Table 3. Again, a quarter of the
slab is modelled with 121 nodes and 25 elements and the symmetric boundary conditions are applied
at lines x =0 and y = 0. The obtained load versus central deflection curves are compared with the test
results in Figure 5.

_ Dimensions Depth Concrete Reinforcement
Specimen (mm) (mm) | /. (MPa) | £ (MPa) | 7.= £, (MPa) | 0, %] p %
DEH B02 |1828.8 x 1828.8 x 152.6| 114.3 47.6 32978 320.6 - |05
DEH B04 |1828.8 x 1828.8 x 152.6| 114.3 47.7 33013 303.4 - [ 1.0
DEH B09 |1828.8 x 1828.8 x 152.6| 114.3 43.9 31670 341.3 - 120
DEH B14 |1828.8 x 1828.8 x 152.6| 114.3 50.5 33968 325.4 - |30
DEH B12 |1828.8 x 1828.8 x 152.6| 114.3 45.9 32384 331.6 0.57| 3.0

Table 3 Details of slabs in series VIl
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Figure 5 Load-central deflection curves for slab in series VIl

In experiment, slabs B09, B12 and B14 are observed to fail by punching shear. The predicted
strengths and central deflections generally agree with the test results. For slabs B02 and B04, the
numerical results still suggest a shear failure; however, they are actually failed by flexure in the
experiment. It shows that, the proposed method maybe only applicable for the slabs subjected to
shear failure

5 CONCLUSIONS

In this work, efforts have been made to predict the failure of RC slabs using the FE analysis based
on the effective stiffness approach. The non-layered form of the 9-node heterosis shell element is
used and the degradation of material matrix due to concrete cracking is reflected by the stiffness
reduction factors. In order to predict the failure of the slabs, a softening curve for the bending and
shear stiffnesses was proposed based on an empirical failure criterion for RC slabs under bending
and shear. The stiffness reduction factors defined by Polak® are modified accordingly to consider the
further degradation of the stiffnesses due to steel yielding and shear failure of the concrete. The
model parameters Cy, and C, in the softening curve are set to be 3.3 and 1.6, respectively, by trial and
error method. Three series of RC slabs were analysed using the proposed method. The computed
deflection responses and shear strengthes are agreeable with the test results for the slabs subjected
to shear failure. Further work is needed to predict the deflection and the strength of slabs subjected
to flexure.
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