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Abstract In 1965, Zadeh [1] introduced fuzzy set as a generalization of crisp set
by considering membership degrees of elements. That membership degree is repre-
sented gradually as a real number in an interval [0, 1]. Wang et al. [2] generalized the
concept of fuzzy set, called dynamic fuzzy sets (DES). In the DFS, each membership
degree of an element is given by a membership function dealing with time variable.
Thus, the membership degree of an element in a given dynamic fuzzy set might
dynamically change according to the time’s variable. In 2002, Intan and Mukaidono
[3] proposed an extended concept of fuzzy set, called knowledge-based fuzzy sets
(KFS). In the KFS, the membership degree of an element given a fuzzy set is sub-
jectively determined by a single knowledge. The membership degree of an element
with respect to a given fuzzy set may be different provided by different knowledge of
persons. This paper combines both concepts, DFS and KFS, called knowledge-based
dynamic fuzzy sets (KDFS), by realizing that membership function of a given fuzzy
set provided by a certain knowledge may be dynamically changed over time. Three
kinds of summary fuzzy sets are proposed and discussed. Some basic operations of
KDFS are defined. Their properties are verified and examined.

Keywords Fuzzy sets - Dynamic fuzzy sets - Knowledge-based fuzzy sets -
Knowledge-based dynamic fuzzy set

1 Introduction

Classical sets, known as a crisp set, are used to represent collections of objects in
which every object as a member of a given set is characterized by a membership
degree. Since every element is only recognized either as a member or non-member,
membership degree of an element is then expressed by a binary number in {0, 1},
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where membership degree of O means the element is a non-member, and membership
degree of 1 means the element is a member.

In the development of sets theory, several generalized concepts of crisp sets were
proposed to be applicable in simulating a complex real-world problem. Rough sets
theory was introduced by Pawlak in 1982 [4] with a practical goal of representing
indiscernibility of objects or elements dealing with an information system, a table of
objects characterized by a set of attributes. Rough sets are a gencralization of crisp
sets by introducing a formulation of sets with imprecise boundaries. A rough set is
expressed conceptually as an approximation of a given crisp set into two subsets
of approximation, called lower and upper approximations. Multisets, also known as
bags, are also considered as another generalization of crisp sets by allowing multiple
occurrences for each of its elements in a multiset as proposed by Blizard in 1991 [5].
The term multiset was first time introduced by de Bruijn in 1970 [6]. However, the
concept of multisets has been used since many centuries ago, long before Nicolaas
Govert de Bruijn introduced the word multiset. The fuzzy set was introduced by
Zadeh in 1965 [1, 7]. By contrast to crisp sets, membership degrees of elements in
a fuzzy set are represented gradually by a real number in an interval (0, 1). So, the
membership degree of an element in a given fuzzy set could be gradually started
from O (non-member) to 1 (member) [8]. Thus, a fuzzy set is also determined as a
generalization of a crisp set, i.e., a crisp set is only a special case of fuzzy set.

Membership degree of a given fuzzy set is determined and calculated by a mem-
bership function without any consideration to the time variable. In other words, ones
when a membership degree of an element is determined by a membership function,
dealing with a change of time, it will stay unchangeably. However, it is obviously
known that everything in the world is always changing in connection with the change
of time. Membership degree of an element given a fuzzy set is possibly changeable
with respect to the time variable. Therefore, Wang et al. [2] proposed a concept of set,
called dynamic fuzzy sets (DFS). The DFES is an extended concept of fuzzy sets, i.e.,
each membership degree of an element in DES is given by a membership function
with time’s variable. Here, the membership degree of an element in a given dynamic
fuzzy set might dynamically change according to time’s variable. The DFS may be
considered as fuzzy multisets dealing with time variable. Practically, the concept of
dynamic fuzzy sets can be used to represent or to simulate the change of anything
related to the change of time as usually happened in the real-world application. The
concept of DFS [2], and discussed by Cai et al. [9] as part of his proposed concept,
called shadow fuzzy sets, is different from the concept of DFS discussed by Zhang
[10]. In this case, the concept of DFS discussed by Zhang [10] was an extension of
intuitionistic fuzzy sets proposed by Atanassov [11].

Considering the membership function of a given fuzzy set is subjectively deter-
mined by certain knowledge, Intan and Mukaidono [2, 12, 13] proposed and discussed
a generalized concept of fuzzy sets, called knowledge-based fuzzy sets (KES). Here,
fuzziness may be regarded as deterministic uncertainty. It means that even in uncer-
tain (unclear) situation or definition of an object, a subject (person) through his/ her
knowledge may be subjectively able to determine the object. Thus, a given fuzzy
set may have n different membership functions related to n different knowledge.
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Similarly, the knowledge-based fuzzy sets may be also regarded as another example
of fuzzy multisets dealing with knowledge.

Ithas possibly happened that a membership function of a fuzzy set given by certain
knowledge is changeable over time. Thus, it is necessary to propose a new concept,
called knowledge-based dynamic fuzzy sets (KDFS) as a hybrid concept of DFS and
KFS. Here, the KDFS may also be considered as a concept of two-dimensional fuzzy
multisets. Three kinds of summary fuzzy sets are proposed and discussed. They are
the knowledge-based summary fuzzy sets, the time-based summary fuzzy sets, and
the general summary fuzzy sets. Some basic operations of KDFS such as equality,
contentment, union, intersection, and complement are defined. Their properties are
verified and examined.

2 Dynamic Fuzzy Sets and Knowledge-Based Fuzzy Sets

Dynamic fuzzy sets and knowledge-based fuzzy sets may be considered as more
practical example of fuzzy multisets as proposed by Yager [14] and Miyamoto [15,
16]. Thus, they may be also regarded as the generalization of fuzzy sets in more
practical use. The concepts of dynamic fuzzy sets and knowledge-based fuzzy sets
are briefly discussed as follows.

2.1 Dynamic Fuzzy Sets

Considering that membership function of a given fuzzy set is possibly changeable
dealing with time variable, Wang et al. [2] introduced an extended concept of fuzzy
sets, called dynamic fuzzy sets as the following definition.

Definition 1 Let U be a universal set of elements and T € R™ be a set of time,
where RT = [0, 00). Then, a dynamic fuzzy set A on U is defined and characterized
by the following membership function.

A:TxU —[0,1] (1

A(t,u) € [0, 1] is the membership degree of element u to dynamic fuzzy set A
at the time r € T. Obviously, A(f,u) = | means u is a full member of A at the
time t € T. On the other hand, A(z, u) = 0 means u is not a member of A. Thus,
the membership degree of an element ¥ may vary depending on the time t € T.
A(t) € F(U) is regarded as a dynamic fuzzy set A at the time ¢+ € T which is a
similar concept to the fuzzy set defined by Zadeh in 1965 [1], where F(U) is a fuzzy
power set of U. Set of dynamic fuzzy sets A on U, denoted by 7 (A) is given by:
T(A) ={A()|t e T}.
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2.2 Knowledge-based Fuzzy Sets

As discussed by Intan and Mukaidono [3, 12, 13], the uncertainty might be cate-
gorized into two types, deterministic uncertainty and non-deterministic uncertainty.
Fuzziness may be regarded as a deterministic uncertainty. It means that even in
uncertain (unclear) situation or definition of an object, a subject (person) through
his/ her knowledge is able to determine the object subjectively. Similarly, as what
happened in fuzziness, someone may subjectively determine the membership func-
tion of a given fuzzy set using his/ her knowledge. Different knowledge may have
different membership function of a given fuzzy set. Thus, n-knowledge may have n
different membership function of a given fuzzy set. Here, knowledge plays signifi-
cant roles in determining the membership function of a given fuzzy set. A concept
of knowledge-based fuzzy set is defined as follows.

Definition 2 Let U be a universal set of elements and K be a set of knowledge. Then,
a knowledge-based fuzzy set A on U based on the knowledge k € K, denoted by Ay
is defined and characterized by the following membership function.

AU — [0, 1] )

Similarly, Ax(u) € [0, 1] is the membership degree of element u € U to fuzzy
set A based on knowledge k € K. Obviously, A;(u) = 1 means u is a full member
of A based on k. On the other hand, Ax(u#) = 0 means # € U is not a member
of Ag. Thus, the membership degree of an element u to A may vary depending on
knowledge k € K. Ay € F(U) is regarded as a knowledge-based fuzzy set of A
based on knowledge k which is also a similar concept to the fuzzy set defined by
Zadehin 1965 [1, 7], where F (U) is a fuzzy power set of U. Set of knowledge-based
fuzzy sets A on U, denoted by IC(A) is given by K(A) = {Ai|k € K}.

3 Knowledge-Based Dynamic Fuzzy Sets

As the primary objective of this paper, we introduce a new concept, called knowledge-
based dynamic fuzzy sets as a hybrid concept between dynamic fuzzy sets and
knowledge-based fuzzy sets. Practically in the real-world application, even a cer-
tain membership function of fuzzy set A has already given by a certain knowledge k,
the membership function is possibly changeable over time. The following definition
starts the concept of knowledge-based dynamic fuzzy sets.

Definition 3 Let U be a universal set of elements, K be a set of knowledge and
T C R™ be a set of time, where R™ = [0, 00). Then, a knowledge-based dynamic
fuzzy set A on U based on the knowledge k € K, denoted by 87, is defined and
characterized by the following membership function.
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Table 1 Relation among .“
DFS, KFS, and KDFS Al) A(tm)
M sy | )
Ak” 6;;‘:1 (tl) o 8?” (tm)
ST xU—10,1] 3)

Related to (3), 6,’(“ (t,u) € [0, 1] is the membership degree of element u € U to
fuzzy set A based on knowledge k € K at the time ¢ € T. Similarly, 8,? (t,u) =1
means u is a full member of A based on k at the time ¢. On the other hand, § ,j‘ (t,u) =0
means u € U is not amember of 8 (). Thus, the membership degree of an element u
to A may also vary depending on both the knowledge k and the time . Here, 8 (¢) €
F(U) is regarded as a knowledge-based dynamic fuzzy set of A which is based on
knowledge k at the time . 6;‘ () is also a similar concept to the fuzzy set defined by
Zadeh [1, 6], where F (U) is a fuzzy power set of U. Set of knowledge-based dynamic
fuzzy sets A on U, denoted by D(A) is given by D(A) = {8;{“(I)|k ekK,te T}.

3.1 Summary Fuzzy Sets

The relation among dynamic fuzzy sets (DFS), knowledge-based fuzzy sets (KFS),
and knowledge-based dynamic fuzzy sets (KDFS) is represented in Table 1. Let
A be a fuzzy set on U, K be a set of knowledge, and T be a set of times, where
K ={ki,ky,....ky}and T = {1, t2, ..., tp,}.

Forevery t; € T and k; € K, it can be further interpreted that both A;, and A(t_,-)
are able to be provided by two aggregation functions over § ,é (t j) as follows.

Yu e U, Ay, () =Y (80 (11, u), ..., 87 (tw, w)), where Y : [0, 1]" — [0, 1] (4)

Vu e U, A(tj,u) = OS¢ (tj, u), ... 8¢ (tj,u)), where ® : [0, 1]" — [0, 1] (5)
Here, depending on the context of applications, Y and ® may use any existed
functions such as maximum, minimum, and average by taking the maximum and
the minimum functions as the maximum and the minimum values of both functions,
respectively. Equation (5) is exactly similar to the knowledge-based summary fuzzy
set as discussed by Intan and Mukaidono [3, 12, 13]. Practically, the knowledge-
based summary fuzzy set of A as formulated in (5) means an agreement given by
a group of persons represented by a set of knowledge to describe A at the time 7;.
Similarly, Eq. (4) may be regarded to provide the time-based summary fuzzy set. For
it is sometimes happened in reality, subjective opinion of someone to a given fuzzy
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set A may be changeable according to the changing of times, and the objective of
(4) is to summarize the multiple opinions of a certain knowledge k; to the fuzzy set
A. Therefore, related to the reason behind calculating both summary fuzzy sets as
given in (4) and (5), it may be more applicable to use the weighted average as the
aggregation function as shown in the following equations.

Y (82t u), ..., 88 (tn,u)) = "
(kl ki ) Zj:l I’Ui

,wherew; € R*, RT = [0, o0)

(6)

D iy Wi - 512 (t/" ”)
Z?:l w;

,wherew; € R™, Rt = [0, 00)

(N

O (1), .- 8 (1)) =

Related to the summary fuzzy sets, w; and w; are the weights to express the
prominence of an opinion. For instance, in the case of the knowledge-based summary
fuzzy sets, more prominent knowledge k; is considered in determining the summary
fuzzy set, a larger w; is given to k;. In the case of the time-based summary fuzzy
sets, a larger weight may be given generally to the more recent opinion, since a more
current opinion represent a more real-time situation. So, in the case of constructing
the time-based summary fuzzy sets, the relation between time and weight should
satisfy 1; > 1, = w; > w,, Vi;,1, € T.

It is also necessary to summarize all interpretation/ opinion based on the knowl-
edge as well as the times into only one summary fuzzy set, called general summary
fuzzy set. Here, the general summary fuzzy sets may be assumed as an agreement,
to sum up all opinions given by multiple pieces of knowledge over time. Given A
be a fuzzy seton U. Let K = {ky,...,k,}and T = {1y, ..., t,,}. Using the concept
of weighted average, we introduce three different equations to provide the general
summary fuzzy set as follows.

o Aggregated from the Knowledge-based Summary Fuzzy Sets

AST () = W(Ag (u),..., A = - , 8
() (A, () K, (1)) T (@)
where w; € RT, RT = [0, 00).
e Aggregated from the time-based summary fuzzy sets
"oow; At u
A% = TAGL ), ., Al uy) = 2o A0 ©)

271:1 wj ’

where w; € RY, RT = [0, o0)
e Aggregated directly from the knowledge-based dynamic fuzzy sets



On the Knowledge-Based Dynamic Fuzzy Sets 299

SRt u) - 8ty )

X X w8 (1. u)
Z];=1 Dot wij ’

A% ) =Q (10)

8}2(1171’1) SII:I(IWUM)

where w;; € RT, Rt = [0, 00).

These three different equations may produce different results that it depends on
the context of application to decide which one is better to use.

3.2 Basic Operations and Properties

Some basic operations of the knowledge-based dynamic fuzzy sets may be discussed
and defined as follows.

Definition 4 Let U be a universal set of elements, K be a set of knowledge, and
T C R be a set of time, where R = [0, 00). A and B are two fuzzy sets on U.
Some basic operations and properties of equality, containment, union, intersection,
and complementation are given by the following equations.

Equality

M) =88 @) & 8}t u) =88t u),Yu e U,

Ay =By & Ay(u) = By(u),Yu € U,

Ay =By & 8t u) =88(t,u),Yu e U, Vt € T,

Similarly, Ay = By < 82 (t) = 88 (1), vVt € T,

A(t) = B(t) & A(t,u) = B(t,u),Yu € U,

A(t) = B(t) & 8 (t,u) = 8F(t,u),Yu € U,Vk € K,
Similarly, A(1) = B(1) & 8 (1) = 8f (1), Vk € K,

A=B & §Mt.u) =88t u),Yue U Vke KVt eT,

AZ B & 8}t u) =8 (t;,,u),Yu e U,Vk € K, V1,1, € T,
AL B & 3;}1 (t,u) = a,sz(z, u),Yu € U,Vk;,, ki, € K.Vt € T,
A=B &5 (tj u) = 8 (tj,.u),Yu € U, Vki, ki, € K, V1;,,t;, €T,
ki =ki, & 3;;}1 (t,u) = 322 (t,u),Yue UNteT,Ae FU),
where F(U) is fuzzy power set on U.

WX NN hwD =

1> 11

—_ = =
No= o

Containment

13. 8} (t) C8f (1) & 8 (1, u) <88 (1,u),Yu € U,

14. Ay C By & Ap(u) < Bi(u),Vu € U,

15. AEBy & 8t u) <8f(t,u),Yu e UVt € T,

16. Similarly, A,€By & 8;1(1) C 88 (1), Vi € T,

17. A(t) C B(t) & A(t,u) < B(t,u),Yu € U,

18. A(NEB() & 8 (t,u) <8P (t,u),Yu € U,Vk € K,
19. Similarly, A(NEB(1) < 8 (1) < 8E(1),Vk € K,



300 R. Intan et al.

20 AC B & 8t u) <8f(t,u),Yu e U,Vk € K, V1 € T,
21. ACB & 8 (tj,. u) <8 (tj,.u),Yu € U Vk € K, Vtj,,t;, €T,
22. A<B & 5;;}1 (t.u) < 8 (t,u),Yu € U, Vki, ki, € KVt € T,
23. A€B & (1), u) <8 (tj.u).Yu € U.Vkiy ki, € K. V1j. 1, €T,
24. ki Ski, < 85 (1u) < 85 (ru),Yu € UVt € T, A € F(U),
where F(U) is fuzzy power set on U.
Union
25. §2YB(t, u) = max (8 (t, u), 82 (t,w)),Yu € U,
26. (5 (1) U8 (1) ) ) = max (8¢, (1, ). 88 (11, w) ). Yu € U 1,15, € T,
kl'19kiz € K,
27. (Ax Y By)(u) = (AU B)(u) = max(Ag(u), Br(u)),Vu € U,
28. (Ax, U By, )(u) = max(Ag, (u). B, (w)),Vu € U, ki, ki, € K,
29. (A(1) U B(t))(u) = (AU B)(t, u) = max(A(t, u), B(t, u)),Yu € U,
30. (A(r;,) U B(t),))(u) = max(A(r),, u), B(tj. u)).Yu € U, 1,1, € T,
31. (AUB)u) = max(AGP(u), BGP(u)),Vu eU,p=1{1,2,3},
where A% and BC» are general fuzzy sets as given in (8), (9), and (10).
Intersection
32, 82B(t, u) = min(87 (1, u), 8F (1, u)), Vu € U,
3. (88 () 082 (1)) ) = min (82 (15, ). 88, (1. 0) ). Yu € U115, € T,
ki1~ki2 S K,
34. (Ay N By)(u) = (AN B), () = min(Ag(u), B(u)),Yu € U,
35. (Akl.1 N Bkiz)(”) = min(Akll (u), Bklz (ll)), Yu e U, kil» ki: ek,
36. (A(t) N B(t))(u) = (AN B)(t,u) = min(A(t, u), B(t,u)),Yu € U,
37. (A(t;) N B(1,)) () = min(A(z;,, u), B(tj,, u)).Yu € U, t;,,1;, € T,
38. (AN B)(u) =min(A% (u), B9 (u)),Yu € U, p € {1,2,3},
where A% and BC» are general fuzzy sets as given in (8), (9), and (10).
Complementation

39, 570 (t7.u) = 1— 87 (1. u).
(SA(I-,M),}’ #1,|K| =2,
A (4. _ ke \Lj
40. 5-/@ (tl’u) - {9(0%,---,aki_l,akm,--~,<¥kn), K| > Z,akp = 6,27(tj,u),
A W) r #0,T| =2,
T(,B,], . ..,,B,/_I,,B,m,...,,Btm), IT|>2,8, = 62(5,, u),

42, = A () = 1— Ay (),
Ak,(u)’r 7& i’ |K| = 27

B A ) = { WA W)y s A ), A, (), L A (). [K] > 2,
44. =A(tj,u) =1—A(tj, u),

41. (S,f;(—-tj, u) =

A(trau)ar #j7|K|=2»

45 At ) = T(A(t, u), ., At 1), Aty u), .y Al ), [K| > 2,
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46. —A(u) =1— A%, p e {1,2,3}, where A% and B are general fuzzy sets as
given in (8), (9), and (10).

There are some properties as a consequence of the basic operations as given in
Definition 4 as follows.

From Equality 2,3, and 4: Ay = By = Ay = By, Vk € K.

From Equality 5, 6,and 7: A(t) = B(t) = A(t) = B(t),Vt € T.
From Equality 8-11: (A = B) = |(A ~ ), (A S B)} — (A= B).
From Containment 14, 15, and 16: A, €By, = Ay € By, Vk € K.

From Containment 17, 18, and 19: A(t)EB(t) = A(t) C B(¢),Vt € T.
From Containment 20-23: A€B) = {(ACB), (AxB)} = (A C B).

°

L[]

[ ]

4 Conclusion

In the real-world application, it is possible that a membership function of a fuzzy
set subjectively given by a certain knowledge is changeable over time. Therefore,
this paper introduced a generalized concept of fuzzy sets, called knowledge-based
dynamic fuzzy sets. The concept is a hybrid concept of dynamic fuzzy sets proposed
by Wang et al. [2] and knowledge-based fuzzy sets introduced and discussed by
Intan and Mukaidono [3, 10, 11]. The concept of knowledge-based dynamic fuzzy
sets is regarded as a practical example of two-dimensional fuzzy multisets dealing
with time and knowledge variables. Three kinds of summary fuzzy sets, namely the
knowledge-based summary fuzzy sets, the time-based summary fuzzy sets, and the
general summary fuzzy sets, are proposed and discussed using aggregation func-
tions. Some basic operations such as equality, containment, union, intersection, and
complementation are defined. Their properties are verified and examined.
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