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Abstract. The Rigid Body Spring Model (RBSM) is an alternative method to Finite Element 

Model (FEM) to solve continuum problems in civil engineering. The method has three main 

advantages, i.e., having a smaller local stiffness matrix, the ability to directly simulate cracks, 

and independent formulation of element types. Although the method has been extensively used 

in studying the behaviour of concrete structures, specific research on sensitivity analysis of this 

method has not been done nor published. In this research, sensitivity analysis of plain concrete 

beam using the model is performed. The parameters to be considered are boundary size, 

boundary element type, number of elements, crack mesh refinement, number of stages, and the 

effect of half modelling. Based on the sensitivity analysis, optimum parameters were selected to 

calibrate the model to three plain concrete samples. The result suggests that modulus elasticity 

of cylindrical concrete under compressive test is to be reduced around 0.2 times for simulating 

beam under third point loading. 

1.   Introduction 

The Rigid Body Spring Model (RBSM) is an alternative method to the Finite Element Model (FEM) to 

solve continuum problems. The method was firstly introduced by Kawai [1] by discretizing the 

continuum domain into a finite number of rigid elements connected by springs at interfaces between 

elements. RBSM has key advantages compared to FEM, which has a smaller local stiffness size and 

thus shorter running time can be expected in simulating nonlinear cases [2], the ability to directly 

simulate crack since it is a discrete model [3], formulation independency regardless of element types, 

and compatibility with Voronoi mesh which can reduce bias to cracks propagation [4]. In FEM, one 

method to simulate cracks is by introducing specific location for the cracks known as discrete crack 

approach [5]. In the RBSM, these cracks can occur at arbitrary locations in the domain as the yield stress 

state is achieved. In its early implementation, the method was successfully employed to simulate the 

collapse of beams and plates [3], vibration analysis of structural elements and simple portal structure, 

slope stability, as well as tectonic plate movement [6]. 

Recently, RBSM has been explored to simulate a wide variety of civil engineering problems, 

including cracks propagation, behaviour of mechanical anchors, freeze-thaw cycles, effects of corrosion, 

and steel to concrete bond. Wang et al. [7] successfully simulated the cracks propagation on concrete 

under alkali-silica reaction. Karam et al. [8] used the model with Voronoi mesh to minimize bias on 
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concrete cracks pattern. Mousavi et al. [9] reported the pull-out capacity of post-installed anchors in 

concrete. Wang et al. [10] confirmed that concrete exposed to freeze-thaw cycles increased in static 

strength but conversely in fatigue performance. Jiradilok et al. [11] showed that confining steel can help 

increasing bond capacity between steel and concrete as well as slowing down cracks propagation rate in 

concrete. 

Vast application of the method in solving engineering problems had been done. Nevertheless, 

specific research to study the sensitivity of the model on various parameters on plain concrete beam has 

not been done nor published. This research paper aims to present sensitivity analysis of RBSM based 

on various parameters, including boundary sizes, boundary element types, number of elements, crack 

mesh refinement, number of stages, and effects of half modelling. Using the results from sensitivity 

analysis, the optimum parameters is used in calibration to three plain concrete beam samples under third 

point loading. Results of this research will be an important insight into the model and thus its optimal 

use for more sophisticated problems can be achieved. The results will be presented in the form of stress 

contours, cracks pattern, and load-displacement curves. 

2.   Rigid Body Spring Model 

In RBSM, domain is discretized into finite number of rigid elements and connected via normal and shear 

springs at elements’ contact line. Figure 1 shows the kinematics of rigid elements in RBSM. Elements’ 

centroids are denoted by xGi ang yGi, respectively. Each element has three degrees of freedom to 

incorporate horizontal translation (ui), vertical translation (vi), and rotational movement (θi). 

 

Figure 1. Kinematics of rigid elements in RBSM. 

 

Point P is arbitrary point locating at the contact line of the two elements. As the elements move, P 

will separate as P’ and P” attached to each element. Global displacement of element’s centroid (ui) can 

be represented locally as the displacement of springs (Ui and Vi) as in Equation (1). The stiffness of 

normal (kn) and shear (ks) spring can be calculated via Equation (2), where Ec is modulus of elasticity, 

υc is Poisson’s ratio, and h is the distance between two centroids and is orthogonal to line of contact. 

Further, normal (σn) and shear stress (τs) can be evaluated using Equation (3) with 𝜀n and γs denote normal 

and shear strain, respectively. Further derivation of the equations is identical to those in FEM. 
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3.   Constitutive Material Model 

Figure 2 shows the material model for concrete and modified Mohr-Coulomb criteria. In compression, 

the material has initial stiffness of Ec until Fc1 then the second stiffness is taken as βEc until the stress 

reaches Fc2. After reaching Fc2, the material behaves constantly until the strain reaches εcu. Beyond this 

strain, the stress drops linearly to 0.2Fc at 2εcu. In tension, the material behaves linearly until reaching 

its ultimate tensile stress Ft then the stress released to zero following linear softening model. 

  

A(a) (b) 

Figure 2. Concrete material model (a), modified Mohr-Coulomb criteria (b). 

 

The modified Mohr-Coulomb criteria were adopted to consider material yielding under the 

combination of normal and shear stresses. The shear stress equation based on original Mohr-Coulomb 

criteria is shown in Equation (4), which τ, ϕ, and c denotes shear stress, friction angle, and cohesive 

stress, respectively. Further, the yield function of shearing slip (f) is defined as in Equation (5). Details 

of material properties can be found in Table 1. It is worth noting that the constants correspond to failure 

criteria is adopted from recommended values by Yamamoto et al. [12]. 

 tan c  = +  (4) 

 2 2( tan )f C  = + −  (5) 

 

Table 1. Material properties of concrete. 

Parameter Notation Value Unit 

Poisson’s ratio υc 0.2 - 

Cohesive stress c 4.2 MPa 

Friction angle ϕ 37 ° 

Ultimate tensile stress Ft 3.86 MPa 

Tensile softening coef. 1 C1 1.05 - 

Tensile softening coef. 2 C2 -350.88 - 

Ultimate tensile strain εtu 0.00015 - 

Ultimate compressive stress Fc 30 MPa 

Modulus of elasticity Ec 25,700 MPa 

Second stiffness factor β 0.5 - 

Ultimate compressive strain εcu 0.003 - 
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4.  Sensitivity Analysis Model 

Figure 3 shows the geometry of plain concrete beam. As an additional detail, the thickness of the beam 

is 100 mm. In the model, the beam is defined as simply supported beam and is loaded by displacement 

loading at third span. Parameters to be consider in this research are listed in Table 2. More details on the 

parameters for each model category can be found in following subsections. 

 

Figure 3. Geometry of plain concrete beam. 

 

Table 2. Parameters considered in sensitivity analysis. 

Parameter Model code 

Boundary size BS 

Boundary element type BT 

Number of elements (full model) NE 

Crack mesh refinement CM 

Number of stages SG 

Half model HF 

4.1. Boundary elements size and types 

Boundary elements size and types are important parameters on modelling continuum problems. In this 

research, boundary element size is defined as the length of boundary elements’ edge that is in contact 

with model domain. This value is taken as ratio varies between 0.1 to 0.5 with respect to the minimum 

dimension of the model, i.e., the height. Meanwhile, the boundary element types refer to the number of 

nodes in the element. Table 3 shows the parameters of BS and BT-models. Negligible differences in 

total number of elements are shown in BS-2 and BS-4 model due to constraint in mesh generator tool. 

Model mesh of BS-3 and BT-8 can be seen in figure 4. 

 

Table 3. Detail parameters of BS and BT-models. 

Model he ne bs bt dL 

BS-1 20 714 10 4 0.0025 

BS-2 20 710 20 5 0.0025 

BS-3 20 714 30 6 0.0025 

BS-4 20 710 40 7 0.0025 

BS-5 20 714 50 8 0.0025 

BT-6 20 714 30 6 0.0025 

BT-8 20 714 30 8 0.0025 
he  = maximum size of elements (mm) 

ne  = number of elements 

bs  = boundary size (mm) 

dL  = displacement load step (mm) 

bt = boundary types (n-nodes element) 
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(a) (b) 

Figure 4. Model mesh for BS-3 (a) and BT-8 (b). 

4.2. Number of elements and half modelling 

It is commonly understood that modelling continuum problems using finer mesh will yield into a more 

realistic result. However, excessive mesh refinement cannot always give meaningful results compared 

to a coarser mesh. Thus, investigating the effects of meshing density can be especially useful before 

applying the method to a more sophisticated problem. On the other hand, modelling only part of the 

model can be also useful when dealing with problems with field concentration with symmetrical 

geometry. Table 4 resumes the parameters of NE and HF-models. The HF-models are half of those of 

NE-models. Therefore, based on the meshing, the NE-models are symmetrical, while the HF-models are 

nonsymmetric models, but the symmetry conditions are provided by the boundary conditions at 

symmetry line. Example model mesh of NE-0600 and HF-0300 can be observed in figure 5. 

 

Table 4. Detail parameters of NE and HF-models. 

Model he ne dL Model he ne dL 

NE-0156 40 156 0.0025 HF-0078 40 78 0.0025 

NE-0256 30 256 0.0025 HF-0128 30 128 0.0025 

NE-0600 20 600 0.0025 HF-0300 20 300 0.0025 

NE-1032 15 1032 0.0025 HF-0516 15 516 0.0025 

NE-2288 10 2288 0.0025 HF-1144 10 1144 0.0025 

NE-4204 7.5 4204 0.0025 HF-2102 7.5 2102 0.0025 

NE-9348 5.0 9348 0.0025 HF-4674 5 4674 0.0025 
 

  

(a) (b) 

Figure 5. Model mesh for NE-0600 (a) and HF-0300 (b). 

4.3. Crack mesh refinement 

Cracks propagation is one aspect that indicates how the model can capture the local failure during the 

analysis. In RBSM, cracks propagate directly at the elements’ edges. The conditions suggest that the 

structure of the mesh may significantly affect the cracks pattern of the analysed model. Considering 

symmetric CM-model, the first crack is expected to form at the middle bottom of the beam. Thus, 

refining the area will yield a representative result. To compare the effect of symmetric and nonsymmetric 

mesh models, a predefined first crack location is proposed in the CM-P-models. The details parameters 

of both models can be found in table 5, while the mesh density of each model can be seen in figure 6. 
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Table 5. Detail parameters of CM and CM-P-models. 

Model he ne tcr hcr scr Sym. dL 

CM-00 20 600 - - - yes 0.0025 

CM-10 20 714 10 - - yes 0.0025 

CM-05 20 1124 5 - - yes 0.0025 

CM-P-5-5 20 628 - 5 5 no 0.0025 

CM-P-10-5 20 654 - 10 5 no 0.0025 

CM-P-10-10 20 588 - 10 10 no 0.0025 
tcr = mesh size at middle bottom of the beam and upward along symmetry line 

hcr = height of predefined first crack (mm) 

scr = mesh size at predefined first crack (mm)  

 

  

(a) (b) 

Figure 6. Model mesh for CM-05 (a) and CM-P-10-5 (b). 

4.4. Number of stages 

Number of stages corresponds to the load applied in the model. Increasing the number of stages mean 

refining the load step, and vice versa. Parameterizing number of stages is selected because it is easier to 

apply and, in certain cases, selecting the load step first can yield to undesirable number of converged 

outputs. The model considered in this subsection has the same parameters to those of NE-0600 model 

with varying number of stages as shown in table 6.  

 

Table 6. Detail parameters of SG-models. 

Model he ne ns
a dL 

SG-0010 20 600 10 0.02500 

SG-0050 20 600 50 0.00500 

SG-0100 20 600 100 0.00250 

SG-0500 20 600 500 0.00050 

SG-1000 20 600 1000 0.00025 

SG-5000 20 600 5000 0.00005 
a ns = number of stages 

5.   Results and Discussion 

The results comprise stress contours, plasticity index contours, and load-displacement curves. The stress 

contours can be used to examine the internal response of the model due to applied load. Stress contour 

of selected models with notable findings will be presented. Plasticity index contours show plastic state 

of the material and correspond directly to cracks formation. The last but not the least, load-displacement 

curves will show the overall behaviour of each model regarding the initial stiffness, ultimate load, and 

ductility. 

5.1. Stress contour 

Most models result in identical stress contour, and thus only important findings regarding stress contour 

are shown. Figure 7 shows the normal stress contour for model NE-0156, NE-0600, NE-4204, and NE-

9348. For the consecutive models, maximum compressive stresses are 3.10, 1.52, 1.63, and 5.40 MPa, 

while maximum tensile stresses are 1.25, 1.06, 1.02, and 2.04 MPa. It is clearly depicted in figure 7(a), 
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(b), and (c), as the mesh is refined, stress concentration occurs around the location where cracks form 

and propagate. Meanwhile, figure 7(d) shows different stress concentration following distinct cracks 

pattern. The cracks pattern differs from the first three models because as the mesh is refined, the location 

of first crack might change, and thus the cracks propagation. 

 

  
(a) (b) 

  
(c) (d) 

Figure 7. Normal stress contour of NE-0156 (a), NE-0600 (b), NE-4204 (c), and NE-9348 (d) model. 

5.2. Plasticity index 

Figure 8 shows normalized plasticity index contour for model CM-00, CM-05, CM-P-5-5, and CM-P-

10-5. As expected from symmetrical mesh models (CM), the first crack occurs at middle bottom of the 

beam and propagates upward following the symmetry line of the beam. Nonsymmetric mesh models 

(CM-P) result in a more rational cracks pattern. The predefined first crack location can lead the model 

to form first crack at the location, and the nonsymmetric mesh will guide the cracks propagation to a 

more realistic manner. Both CM-P-5-5 and CM-P-10-5 result in satisfactory cracks pattern. 

 

  
(a) (b) 

  
(c) (d) 

Figure 8. Plasticity index for CM-00 (a), CM-05 (b), CM-P-5-5 (c), CM-P-10-5(d). 

5.3. Load-displacement curves 

Figure 9 shows the load-displacement curves of BS and BT-models. It clearly shows that increasing the 

boundary elements size is insignificant to ultimate load but increasing the initial stiffness of the model. 

This is because as the size of the boundary elements increased, the clear span of the model is reduced. 
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On the other hand, different boundary element types do not affect the overall behaviour of the models. 

This is because, in RBSM, elements are rigid and thus element distortion is not allowed. Any elements 

with the same boundary conditions will serve the same roles in the model. 

Figure 10 reveals the load-displacement curves of NE and HF-models. The first notable finding in 

NE-models is that refining the mesh insignificantly alter the initial stiffness of the model. However, as 

the mesh is refined, the ultimate load drops until certain number of elements that the drop rate becomes 

negligible as shown by NE-2288, NE-4204, and NE-9348 model. Also, an extra coarse model (NE-

0156) exhibits ductility while other models do not. Both half and full modelling result in the identical 

ultimate load and initial stiffness. Further, from the curves, it can be understood that full modelling is 

more numerically stable than half modelling after peak load is achieved. 

Figure 11 displays the load-displacement curves of SG and CM-models. Increasing the number of 

stages or decreasing the load step will yield a more representative outcomes, while smaller number of 

stages will result in rough load-displacement curve. Dividing the analysis into larger number of stages 

will not produce a substantial finer result with the excessive computational efforts. Based on the curves, 

the optimal number of stages in this research lies between fifty to one hundred stages. Meanwhile, 

refining the mesh around the expected cracks (CM) will slightly increase the stiffness and drop the 

ultimate load. This is due to the increase in number of elements when mesh refinement is applied. 

Nonsymmetric models (CM-P) with predefined first crack location can also yield reasonable results 

compared to those of CM-models. This finding implies that the method can be used to analysed 

nonsymmetric models with any predefined first crack location as needed.  

 

  

(a) (b) 

Figure 9. Load-displacement curve of BS-models (a) and BT-models (b). 

 

  

(a) (b) 

Figure 10. Load-displacement curve of NE-models (a) and HF-models (b). 
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(a) (b) 

Figure 11. Load-displacement curve of SG-model (a) and CM-model (b). 

5.4. Experimental Results and Validation 

Figure 12 shows the crack location of BC1, BC2, and BC3 specimen. Based on the observations, the 

location of the cracks was 190, 247, and 272 mm from the left support for BC1, BC2, and BC3, 

respectively. The values were all in the middle third span of the beam, i.e., in the range of 150 to 300 

mm. The ultimate load for the specimens were 8.76, 8.81, and 8.55 kN. Average concrete compressive 

strength was 35.82 ± 1.15 MPa. Based on the experimental results, parameters in Table 1 is adjusted to 

model the specimens as is shown in Table 7. 

 

 

(a) 

 

(b) 

 

(c) 

Figure 12. Crack location of BC1 (a), BC2 (b), and BC3 (c) specimen. 

 

Table 7 shows material properties of tested specimens. All values are identical, except for the 

ultimate tensile stress that is calculated based on modulus of rupture of concrete. Each specimen was 

modelled by introducing mesh at the crack location as studied in sensitivity analysis model CM-P-10-5, 

boundary element size of 30 mm, maximum stages of 100, displacement load step of 1/100 the ultimate 
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displacement of tested specimens, and the boundary conditions are hinge and roller. Modulus of 

elasticity of the concrete is adjusted as the values shown in the table are based on cylindrical concrete 

compressive test. After iterative process, the modulus elasticity is equal to 0.235, 0.195, and 0.185 times 

the modulus elasticity for specimen BC1, BC2, and BC3, respectively. The load displacement curves 

comparison between models and tested specimens are shown in Figure 13. Visually, the results are 

satisfactory following the iterative simulation. The ultimate load of each model is 8.78, 9.58, and 8.93 

kN. These values are 0.23%, 8.74%, and 4.44% greater than those obtained from tests. Crack pattern of 

the models are shown in Figure 14. Introducing mesh at location of actual crack can result in correct 

crack initiation and propagation as in the test. Nevertheless, the model cannot display crack propagation 

to reach top fibre of concrete beam due to computational instability. This is notable in the figure as the 

load undergoes sudden drop. The cracks pattern showed by the model differ from those from test results 

due to unstructured mesh. The result can be enhanced by reducing the element size or increasing the 

number of elements. 

 

Table 7. Concrete material properties of tested specimens. 

Parameter Notation BC1 BC2 BC3 Unit 

Poisson’s ratio υc 0.2 0.2 0.2 - 

Cohesive stress c 4.2 4.2 4.2 MPa 

Friction angle ϕ 37 37 37 ° 

Ultimate tensile stress Ft 3.94 3.97 3.85 MPa 

Tensile softening coef. 1 C1 1.05 1.05 1.05 - 

Tensile softening coef. 2 C2 -350.88 -263.16 -263.16 - 

Ultimate tensile strain εtu 0.00015 0.00015 0.00015 - 

Ultimate compressive stress Fc 35.82 35.82 35.82 MPa 

Modulus of elasticity Ec 28,129 28,129 28,129 MPa 

Second stiffness factor β 0.5 0.5 0.5 - 

Ultimate compressive strain εcu 0.003 0.003 0.003 - 

 

 

Figure 13. Load-displacement curves comparison between models and test results. 
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(a) 

 

(b) 

 

(c) 

Figure 14. Crack pattern of model BC1 (a), BC2 (b), and BC3 (c). 

6.   Conclusion 

Based on the results and discussion in prior sections, the following conclusions can be drawn. Firstly, 

the results obtained from RBSM strongly depends on meshing as the cracks propagation will follow the 

mesh. Secondly, denser mesh model will result in a significant lower ultimate load and slightly higher 

stiffness. Thirdly, boundary size affects the initial stiffness but insignificantly affects ultimate load. 

Different element types for boundary elements do not influence the overall behaviour of the model. 

Moreover, selecting large number of stages will not result in substantial load-displacement curve. A 

range of fifty to one hundred stages is recommended in this research. Using all recommended values, 

the model validation to experimental results shows that modulus of elasticity of concrete based on 

cylindrical concrete compressive test need to be adjusted in the range of 0.185 to 0.225 times. An initial 

ratio of 0.2 might be good as starting values in the iterative analysis. The future work to develop this 

model is to establish bond model for composite and structural strengthening materials. 
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