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1. Introduction

Due to rapid globalization in the last decade, many manufacturers face tight competition in the market place. Nowadays, consumers
know where to find goods with cheaper price, better quality and faster delivery. Rework is a popular strategy by many companies to reduce
their production cost and to maintain high product quality. From our literature search, no research has considered simultaneously the
deteriorating inventory, stochastic preventive time (due to unforeseen circumstances such as finding the unplanned parts that need to be
replaced), lost sales possibility and the first in first out (FIFO) rule. In real-life, most manufacturers try to reduce lost sales due to shortage.
However, due to the stochastic nature of the model, shortages may occur. By considering lost sales cost in our modeling, we penalize the
undesired effect of shortage. By optimizing the model, we seek to find the tradeoff between too much or too little inventory. Shortage should
be kept as low as possible especially if the shortage cost is high. However, if the shortage cost is so large that it approaches infinity (for
example, shortage of blood for emergency transfusion will result in human death, a very high cost indeed!), then blood in hospital should
never be running out. The condition is also application for critical parts in industry where the shortage is extremely costly. Due to the
characteristic of our model, it will optimize to no shortage model when shortage cost is very high. Therefore, considering lost sale during
shortage gives us wider options in our replenishment decisions, thus a more general solution.

Schrady [1] was one of the earliest researchers in production models who considered rework processes. Chung and Hou [2]
considered imperfect process, rework and shortages in their EPQ model. Teunter [3] developed an optimal production and rework lot-
size quantity models for two lot sizing policies. Recently, Widyadana and Wee [4] simplified the solution methods by introducing an
algebraic approach. Buscher and Lindner [5] developed an EPQ model which addresses lot size of production, rework and shipment. Chiu
et al. [6] developed EPQ models which addressed random breakdown of production machines and rework. A similar model considering
service level constraints with rework was developed by Chiu et al. [7]. Liu et al. [8] analyzed the number of production and rework setups
used in one cycle; as well as their sequence and optimal production quantity in each setup. Cardenas-Barron [9] developed an EPQ model
with rework by using a planned backorder. Sana [10] proposed an extended production inventory model with rework by considering
variable product reliability factors, variable unit production costs and a dynamic production rate. The effect of scrap, rework and
stochastic machine breakdown under an abort/resume (AR) policy was considered by Chiu [11]. Similar research has been conducted by
Chiu et al. [12]. However none of the above research considered deteriorating items in their models.

Deteriorating items are items that lose their utility with time due to decay, damage or spoilage. Some examples of deteriorating items
are found in semiconductor, pharmaceutical, chemical and foods. The rework process is commonly applied to products that have a
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Fig. 1. Production system with rework.

deteriorating characteristic, however few researchers give attention to this area. Flapper and Teunter [13] introduced a logistic planning
model with a deteriorating recoverable product and Inderfuth et al. [14] also devised a similar model. Inderfuth et al. [15] developed a
production inventory model with rework and defectives items which began to deteriorate while waiting for rework. An EPQ model for
deteriorating time with random machine breakdowns and fixed repair time was developed by Lin and Gong [16]. Wee et al. [17]
developed an inventory deteriorating model with imperfect quality and assumed that the poor quality items are not recoverable. Later
Chang and Ho [18] derived the closed-form solution to solve Wee’s model. Some intensive research for deteriorating inventory models
which addresses remanufacturing have been done by Wee and Chung [19], Yang et al. [20] and Chung and Wee [21]. Unlike most of the
researchers who assumed deterioration only occurred in recoverable items, we consider deterioration occurs for both the serviceable and
the recoverable items. To make it more practical, our model also considers the stochastic preventive maintenance time.

Salameh and Jaber [22] were one of the first authors who considered lot-sizing problems with regular maintenance interruptions. Abboud
et al. [23] developed an economic lot sizing model by considering machine unavailability due to preventive maintenance and shortage. Later
the model was extended by Chung et al. [24] who considered deteriorating items with stochastic machine unavailability time and shortage.
Sheu and Chen [25] developed an EPQ model taking into account the level of preventive maintenance for an imperfect production system.
They assumed that the constant renewal of the production system will reduce the preventive maintenance level. Production-inventory
models for a deteriorating production process and deteriorating items were developed by Alfares et al. [26]. They also considered some
realistic aspects in their model such as varying demand, varying production rate, inspection and maintenance. Gharbi et al. [27] developed a
production inventory model by considering preventive maintenance, machine failure and backorders. Backordering occurs if demands
during repair time exceed the total inventory. Tsou and Chen [28] shown that preventive maintenance has an effect on the production
system. Chakraborty et al. [29] developed production inventory models by considering deteriorating production process, random breakdown
machine and preventive maintenance. The effect of perfect and imperfect preventive maintenance time in an EPQ model was introduced by
Liao et al. [30]. Karamatsoukis and Kyriakidis [31] developed a production-inventory model with a predetermined buffer, idle periods, and
preventive maintenance. The effect of stochastic maintenance and corrective time in an EPQ model for deteriorating items are considered by
Widyadana and Wee [32]. Berthaut et al. [33] analyzed production inventory control policy by simultaneously considered corrective cost,
maintenance cost, holding cost and backlog cost. Wee and Widyadana [34] assumed rework using the last in first out (LIFO) rule. Lev and
Weiss [35] developed optimal inventory policy for both finite and infinite horizon models with changes in any or all costs. Yang et al. [36]
considered products risks due to rapid technological innovation Wee and Wang [37], assumed an EPQ model with partial backordering and
phase-dependent backordering rate. All of the above researchers have developed procedures for computing their respective optimal policies.

From the authors’ literature search, there is no model that considers stochastic preventive maintenance time, deteriorating items and
rework process using the first in first out (FIFO) rule simultaneously. In this paper, a lot sizing model for deteriorated items with rework
and stochastic maintenance time is developed. Both the serviceable and the recoverable items are assumed to deteriorate. The rework
production system is shown in Fig. 1. In this system, items are produced before inspection. Good quality items are sold to the customer
immediately and defective items are kept for rework. We assume all recoverable items can be reworked to an “as new” condition. We
maintained the machine at the end of the production time; and the maintenance time is assumed stochastic. When there is no
serviceable inventory, the rework process starts as long as there is available machine. Shortages will occur when the demand is greater
than the existing stock during machine maintenance time, and shortage items are assumed to be lost sales. Two different preventive
maintenance time distributions, the uniform distribution and the exponential distribution, are considered. This paper is divided into four
sections. Section 1 is the literature review and the motivation for the study. The model development is explained in Section 2. Section 3
shows a numerical example and the sensitivity analysis of the study. Finally, conclusion and future research are given in Section 4.

2. Model development
The assumptions:

. The good quality rate and rework rate must be greater than the demand rate.

. The stringent preventive maintenance results in negligible machine breakdown during production and rework period.

. Production, rework and demand rate are constant.

. Deteriorating rate is constant.

. There is no repair or replacement for deteriorated items.

. Defective items are generated during the production and the rework period. The defective items appear during the rework process are
rejected.

7. All shortages are lost.

DU A WN =
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Notations

l1q serviceable inventory level in a production time

Iq serviceable inventory level in a production down time

I34 serviceable inventory level in a rework up time

I3 serviceable inventory level from rework up time

Lsr serviceable inventory level from the rework process in a rework down time
I recoverable inventory level in a production time

I3 recoverable inventory level in a rework up time

Tliq total serviceable inventory in a production time

Tl total serviceable inventory in a production down time

Tl3q total serviceable inventory in a rework up time

Tls, total serviceable inventory from a rework up time

Tl4, total serviceable inventory from rework process in a rework down time
TTI4 total recoverable inventory in a production time

TTI,3 total recoverable inventory in a rework up time

T1a production time

Toq production down time

T3, rework up time

Tar rework down time

Tsp total production down time

T1aub production time when the total production down time is equal to the upper bound of the uniform distribution parameter
Im inventory level of serviceable items at the end of production time
Ivir maximum inventory level of recoverable items in a production time
s maximum inventory level of serviceable items in a production time
Iy total recoverable inventory

D; total deteriorated items

p production rate

D1 rework process rate

d demand rate

0 deteriorating rate

bY product defect rate

X1 product scrap rate

K production setup cost

G production unit cost

C, rework unit cost

Cin inspection unit cost

h serviceable items holding cost

hy recoverable items holding cost

T deteriorating cost

Sec scrap cost

S lost sales cost

TC total cost

T total replenishment time

T3 lost sales time

TCT total cost per unit time for lost sales model

TCTn; total cost per unit time for without lost sales model
TCTy total cost per unit time for lost sales model with uniform distribution preventive maintenance time
TCTg total cost per unit time for lost sales model with exponential distribution preventive maintenance time

The inventory level of serviceable items is illustrated in Fig. 2. The production system is designed using the first in first out (FIFO) rule.
Production is performed during the T, time period. During production period, there are x defective products at each unit time; and the
defective products can be reworked. Machine maintenance starts after the predetermined production time. The rework process is
planned on the T3, time period. Since the maintenance time is stochastic, there is a possibility that rework process may not be able to
start on time; and lost sales may occur during the T5 period.

The number of inventory in a production time for the serviceable items can be formulated as

%+011(t1)=p—d—x 0<t; <T1q (1)
1

The number of inventory level in a production down time is represented by the following equation:

%wu(m):—d 0=tz <Tz :
2
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I(t)

Fig. 2. Serviceable inventory level.

since 1;(0)=0, the inventory level in the production period is

L(t)) = p’g”‘ (1—e-"f1> 0<t; <Tig 3)

The total inventory in the production time is:

T
_ @ p—d—x e
TI](['1)—/[1:070 (1 e 1)dt1

~ (p—d—x)(e”"Ma—1+0Ty,)

T 7 4
for a small 0T, value, using Taylor series approximation (Yang and Wee [38], Lo et al. [39]), (4) can be simplified as:
2
TI] — (p_d_x)Tla (5)
2
Similarly, the total inventory in a production down time can be formulated as
dT3,

T == )
Since I; =1, when t;=T;4 and t, =0, one has:

p—d—x P 9 0Ty

P (e ) = § (¢7) 2

using the Taylor series approximation, (6) can be rewritten as:
1 1
(0-d-0(Tia= 5073, ) =d(Tau  50Tar?)
Since 0T,4/2 is a small number, T,, can be approximated in terms of Ty, as

(P*d*X) (T1a71/29T%a)
Toq = d (8)

The total scraped items depend on the scraped rate and production up time; the total scraped items can be reduced by maintaining
production facility regularly. Some papers assumed constant scrap rate (see for example Chiu et al. [6] and Liu et al., [8]). However in
practice, scrap rate is not constant. Chiu et al. [12] more realistically assumed the scrap rate as a function of production time. When a
machine has been maintained, its performance will initially be as good as new, until after sometime when it will deteriorate with time.
The total inventory of rework up time, rework down time and the rework down time can respectively be modeled as follows:

T13r — (p1 —d—X1 Tla)Tgr (9)

(10

(pl —d—X1 T]a) (T3r_1/29T§r)
T4r = d (1 1)

The inventory level of recoverable items is shown in Fig. 3. The inventory level of recoverable items in a production time can be
modeled as

dl(t
:1]’:(1”)4‘011‘1(&1):)( OStrl ST]a (12)
-
since I1(0)=0, the inventory level in the production period is

X
It =5 (1-e) 0<tn<Ti "
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I(t)

Fig. 3. Recoverable inventory level.

Using Taylor series approximation, the total inventory of recoverable items in a production time is
XT?
TTI = ¢
The initial recoverable inventory level in the production time is equal to I;; and it can be modeled as
X -0
I = (1-e7me)

using Taylor series approximation, (15) can be reformulated as

0T?
IMr =X <T1a 21a>

The inventory level of recoverable items in the production down time can be modeled as

dIrZ(trZ)
dtrZ

+0l3(t2) =0 0<t<Ty+T3

using (16) and (17), the inventory level of recoverable items in the production down time can be modeled as
In(t)=Iye " 0<tn <Ty+Ts
The total inventory of recoverable items in the production down time can be modeled as
Toq+Ts
Tly = / Iyre"mdt,,
Jty =0
using Taylor series approximation, one has:

O(T2q+ T3)2>

TTo =1Iur <T2a+T3_ )

Inventory level of recoverable item at the end of the production down time and the maintenance time is
Ig = IMre—H(TZa +T3)

using Taylor series approximation, one has:

<9<T20+T3>)2>

Igr =1Iyr (1_0(T2a+T3)_ 5

substitute Iy, from (17), one has:

2 2
Igr =X (T]a 0T1a> <1 —0(Tyq+T3)— M)

2 2

The inventory level of the recoverable item in the rework up time can be formulated as

dIr3 (tr3)
dtr3

+0l3(t3)=—p; 0<t3<Ts
one has:
Ii3(t3) = % (eo(T3"7t’3)71>

The total inventory of the recoverable items in the rework up time can be formulated as
Ts
_ p_1 O(T3r—tr3) _
Ths(t3) = /r,3 o0 (e 1)dtr3

using Taylor series approximation, one has:

— P1 T%r

TI r3 2

945

14

15)

(16)

17)

(18)

(19)

(20)

21

(22)

(23)

24

(25)

(26)

27
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when t,3=0, the number of recoverable inventory is equal to I. Eq. (25) can be reformulated as

b1 (ors 1\ _
> (e 3 1) I 28)
Since 0T5; < < 1, using Taylor series approximation results in
IEr
T3 = — 29
3r D ( )
substituting I, from (23) into (29), one has:
1 0T? 0(T2q+T3))
nr=5—<x<na— 2w><1—me+Tg—ii4%;—9l>> (30)
1

The total recoverable inventory can be formulated as
TRI =Tl +Tly +Tly5

XT?
TRI = % +Iyr <T2a+T3_

9(T2a+T3)2> X piT3 31

2 2

The number of deteriorating item is equal to the number of total items produced minus the number of total demands and the number
of total rejected items. The number of deteriorating item can be formulated as

Di=(p-x)Tia+ (P1—x1T1)T3r—A(T1a+T2a+ T3+ Tar)—X1T14T3r (32)

lost sales will occur if the maintenance time is longer than the production down time. Lost sales time can be modeled as
L= [ T (33)
t=Ty

The total cost consists of the setup cost, the production cost, the inspection cost, the rework cost, the maintenance cost, the
serviceable inventory cost, the recoverable inventory cost, the deteriorating cost, the rejected cost and the lost sales cost. The total cost
per unit time can be modeled as follows:

Ks+ (Cp+Cin)pT1a+(Cr+Ci)p1 T3r +M [72 1, FOdt+h(Tly +TIy +Tl3 4 Tlg) +hi TRI+wDi+Scx1 T3, +5dT3

TCT = 34
T1a+T2q+T3r+ T4+ T3 G4
The optimal solution must satisfy the following condition:
dTCT(T10)

2.1. Uniform distribution maintenance time

Assume that the maintenance time t, is a random variable that is uniformly distributed over the interval [0, b]. The probability density
function, f{(t), is given as

o_[1/b 0<t<b
fo= 0, otherwise

The expected shortage time can be written as

b
E(T3)= %Z . (t—Tza)dt

(b— (ATl —o.srm)> 2

E(T3) = 55 (36)
The total cost per unit time for uniform distribution maintenance time can be modeled as
X sd (b_(P’d)Tla(l’o 5Tla))2
E(TCTy) Ks+(Cp+C,‘n)me+(Cr+C,‘n)p1T3r+ MTb+h(T11 +TI, +TI3 -|—TI4)‘|‘h1TRI-FTCDI—I—SC)QT]aTg,r—i‘#d 37)
u)= 2
=19 (1-05T3q)
Tlu +T2a +T3r +T4r + w

Substituting all the time variables in (37) in terms of Ty, the optimal T;, can be derived when the following equation is satisfied.
dTCTy(T1a)
dTie

Lost sales will not occur if the production down time is longer than the maximum maintenance time (b). If this condition occurs, then
(37) can be rewritten as
Ks+ (Cp + Cin)pTla +(Cr+Cin)pT3r + h(Tly +TI, +TI3 +Tlg)+h{ TRI+1tDi+Scx1T14T 3,
T1+Ty+T3+4+T4

0 (38)

E(TCTyy) = (39)
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where:

2 ) 5
= (Tza 0<T22)> +By (40)

1 07, (0T2q)”
T3,:p—1 (x(Tla— 5 ><1—0T2a— 5 (41)

The optimal solution is derived when the following equation is satisfied:

dTCTn(T1a)
dT1q B

and

0 (42)
for the case with uniform distribution and lost sales, we develop a solution procedure as follows:

Step 1 Calculate (42) and (8); set Tsp,=T>g.

Step 2 If Tsp < b, the solution is not feasible; go to step 3. Otherwise, optimal solution is derived.
Step 3 Set Toq=b, find T4y using (8), and calculate TCTy;(Taup) from (39).

Step 4 Find Ty, by solving (38), and T,, by solving (8); then set Tsc=T>q.

Step 5 If Tsc > b, then T"{y=Tyqup. If Tsc < b, then calculate TCT,(T;4) using (39).

Step 6 If TCTn(T1qup) < TCTy(T14), then T q=Tiqup, Otherwise T*;,=Ti,.

2.2. Exponential distribution maintenance time

For the second case, the unavailability machine time is a random variable that is distributed exponentially. Exponential probability
density function with mean 1/4, is given as

fity=re* for 1>0

The expected machine unavailability time is

E(Tg):/t ; (t—TzG)/lei)'rdf
=Ta

e~ T2
ET3)=— (43)
substituting T4, one has:
S ((0-d-0(T1a-3072,
ity
E(T3) = - (44)
substituting (44) into (34) and do some simplification, one has:
E(TCTE) _ Ks+ (Cp+cin)pT1a "j(cr+cin)p1 T3r‘|2' ’%/I
T1a+T2a+ T3+ T4 + (e~ H(@-d=2)T1a-1 /20T1a))/d))//1
N h(TI + Tl +TI3 +Tl4) + h TR+ 7tDi+ Scx1 T14T3r + (Sde*i(((pfdm(na70.5T$a))/d)) /A 45)
Tia+T2q+T3r+Tar+ (6_;“(((p_d_x)(T1"_O'ST%H))/d) )/ A
The optimal solution is derived when:
dTCTg(T1q)
.~ 0 (46)

Since a closed form solution cannot be derived, the problem is solved using a simple search approach such as bisection or Newton'’s
search method. The cost functions (38), (42) and (46) are nonlinear equations and the second derivative with respect to Ty, is extremely
complicated. This means the optimal solution can be guaranteed only in certain conditions as shown in the appendix.

3. Numerical examples and sensitivity analysis

In this section, a numerical example and sensitivity analysis are given to illustrate this model. Let K;=$400 per production setup,
p=10,000 units per unit time, p; =9000 units per unit time, d=6000 units per unit time, x=>500 units per unit time, x; =400 units per
unit time h=3$5 per unit per unit time, h; =$3 per unit per unit time, S=$15 per unit, 7=$5 per unit, S;=$15 per unit, C,=$10 per unit,
C,=$%4 per unit, C;;=9%$0.5 per unit, M=$500 per unit time and 0=0.05. The total cost per unit time for varying T;, is shown in Fig. 4.

Fig. 4 shows that the total cost per unit time is convex for small values of T, The optimal total cost is equal to $70320.31 and
T4*=0.3593.

The sensitivity analysis is performed by changing each of the parameters by —20%, —10%, +10% and +20%. One parameter is taken at
a time and the remaining parameters are kept constant. The optimal production time T;,* and the optimal total cost per unit time for
varying parameters are shown in Table 1.
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Table 1

Total cost per unit time ($)

H.M. Wee, G.A. Widyadana / Omega 41 (2013) 941-954
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g. 4. Variation of total cost per unit time vs. changing production time, T;,,.

Sensitivity analysis of T;,* and total cost per unit time: for uniform distribution.

Parameter —20% changed —10% changed +10% changed +20% changed
Tid* Total cost Tid* Total cost Tid* Total cost Tid* Total cost
K 0.356 70191.26 0.3576 7025591 0.3609 70384.47 0.3626 70448.39
p 0.5657 70478.77 0.4395 70390.07 0.3038 70264.46 0.2631 70218.82
d 0.2485 56587.60 0.2993 63461.23 0.4314 77157.99 0.5202 83964.03
h 0.3814 69728.11 0.3699 70029.30 0.3493 70601.78 0.3399 70874.26
D1 0.385 70342.96 0.3589 70330.41 0.3596 70312.03 0.3598 70305.10
hy 0.3651 70159.00 0.3622 70240.03 0.3564 70399.87 0.3537 70478.70
T 0.3598 70306.72 0.3595 70313.52 0.3590 70327.10 0.3588 70333.89
0 0.3612 70253.42 0.3603 70286.90 0.3583 70353.66 0.3573 70386.94
X 0.3629 69993.37 0.3611 70156.88 0.3574 70483.67 0.3556 70646.95
X1 0.3600 70300.87 0.3596 70310.60 0.3589 70330.02 0.3586 70339.72
S 0.3598 70306.76 0.3595 70313.54 0.3590 70327.08 0.3588 70333.85
b 0.3000 69478.98 0.3297 69894.91 0.3886 70751.37 0.4176 71185.32
G 0.4085 58646.08 0.3864 64510.75 0.3284 76044.82 0.2792 81626.19
C. 0.3604 70094.06 0.3598 70207.20 0.3587 70433.4 0.3582 70546.57
Cin 0.3624 69714.23 0.3609 70017.38 0.3577 70623.02 0.3561 70925.49
M 0.3585 70288.14 0.3589 70304.24 0.3597 70336.38 0.3601 70352.42
Se 0.3598 70306.76 0.3595 70313.54 0.3590 70327.08 0.3588 70333.85
0.6 = —_— K
0.55 1 -
E 0.5 4 —=h
- — p1
5 0454 —
5 —TT
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+ 0354 —a X1
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Fig. 5. Optimal production time T}, for varying parameters: uniform distribution case.

Table 1 shows that the optimal production time (T;,*) increases as the parameter Kj, d, p1, b, M, and S, increase, and decreases as the
other parameters increase. Parameters b, M, and S, affect the lost sales cost. Thus, a manufacturer has to increases the production time
when these parameters increase. The table also shows that the total cost per unit time decreases as the parameters p and p; increase, and
decrease as the other parameters increase. The result shows that a manufacturer can reduce his total cost by optimizing the optimal

production rate (p) and rework rate (p1).

The optimal production period for the varying parameters is shown in Fig. 5. The figure shows that the optimal production period is
sensitive to changes in parameters p and d, moderately sensitive to changes in parameters Cp, Sc, b and h and insensitive to changes in the
other parameters. The production rate (p) and the demand rate (d) are the main parameters in our model. In practice, production and

demand quantity have direct correlation to the production and inventory costs.
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Table 2
Sensitivity analysis of T;,* and total cost per unit time: for exponential distribution.

Parameter —20% changed —10% changed +10% changed +20% changed

Tid* Total cost Tid* Total cost Tid* Total cost Tid* Total cost
K; 0.2125 68050.61 0.2143 68162.22 0.2181 68382.75 0.2201 68491.65
p 0.4149 68700.64 0.2820 68396.54 0.1763 68209.06 0.1493 68171.13
d 0.1444 55051.16 0.1757 61656.37 0.2706 74915.31 0.3477 81609.77
h 0.2238 67910.09 0.2198 68093.18 0.2128 68449.62 0.2097 68623.49
D1 0.2159 68286.93 0.2160 68279.17 0.2163 68267.81 0.2164 68263.53
h,y 0.2178 68189.34 0.2172 68222.86 0.2152 68322.77 0.2143 68372.37
b 0.2163 68264.49 0.2163 68268.71 0.2161 68277.15 0.2160 68281.36
0 0.2168 68232.39 0.2165 68252.67 0.2159 68293.18 0.2156 68313.42
X 0.2139 67930.7 0.2150 68101.38 0.2174 68445.39 0.2186 68618.78
X1 0.2164 68260.9 0.2163 68266.92 0.2161 68278.94 0.2159 68284.95
S 0.2163 68264.44 0.2163 68268.69 0.2161 68277.17 0.2160 68281.41
A 0.2458 68589.11 0.2296 68411.71 0.2049 68163.29 0.1952 68076.11
G 0.2284 56333.35 0.2228 62307.83 0.2078 74223.93 0.1962 80150.86
Cr 0.2164 68037.37 0.2163 68155.16 0.2160 68390.71 0.2159 68508.48
Cin 0.2169 67647.50 0.2166 67960.24 0.2158 68585.59 0.2154 68898.21
M 0.2161 68266.81 0.2161 68269.87 0.2162 68275.99 0.2163 68279.06
Sec 0.1783 67981.93 0.2031 68166.69 0.2252 68349.22 0.2322 68409.23

Fig. 6 shows that the demand parameter (d) and the production unit cost (C,) have the biggest effect on the total cost per unit time.
Thus, reducing the production unit cost will result in a significant saving.

From the working paper by Yang et al. [40] considering deteriorating items with shortage lost sale, it is noted that the profit for FIFO
policy is either equal or greater than LIFO policy for a complete lost sale policy. However, in our research, we do not try to explain why
one rule becomes better than the other in our paper since it is beyond the scope our research. From common sense, one may adopt FIFO
policy for the sake of achieving fairness and freshness. For more detail, see Abboud et al. [23].

The optimal production time and the total cost per unit time are shown in Table 2. It shows that the optimal production time (T;,*) is
increasing as Kj, d, p1, x, M, and S, parameters increase. Fig. 7 shows the total cost per unit time for varying parameters. The total cost per
unit time is sensitive to changes in parameters p and d, moderately sensitive to changes in parameters 4, S, and Cp, and insensitive to
changes in the other parameters. The total cost per unit time for the exponential distribution case is also significantly influenced by the
demand (d) and production unit cost (C,) parameters. The optimal total cost sensitivity analysis for exponential distribution preventive
maintenance time is similar to the uniform distribution preventive maintenance time as shown in Fig. 8.

4. Conclusion

In this study, we have developed a deteriorating production inventory model suitable for manufacturers with stochastic preventive
maintenance time and rework process using FIFO rule. The cases for uniform and exponential distribution are conducted to illustrate the
model. The sensitivity analysis is carried out to show the robust behavior of the model facing expected variations of the system
parameters. Though the sensitivity analysis is not sufficient to validate the model, it is a very common practice by many others inventory
researchers to show the robustness of the inventory model. The sensitivity analysis from our study shows that the optimal production
period in sensitive to production rate and demand rate. Since demand rate is uncontrollable, to minimize the lost sales cost, a
manufacturer should increase the production time whenever the preventive maintenance time and cost increase. However, it is not easy
to solve production up time and production rate simultaneously using analytical solution because the machine unavailability time is
stochastic. Therefore, the problem is solved using a simple search procedure. For future research, one may try to solve the problem using
meta-heuristics methods.
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Appendix

Optimal production time

Fig. 7. Optimal production time T;,* for varying parameters: exponential distribution case.

Total cost per unit time

Fig. 8.
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Simplifying second order of the total cost with respect to T, and set T;,=0, one has:

where

—— K
—&— D
e
e N
i D1
== h1
g TO

— 0

e X1

EERRERE

H

~2(Cr+ Co)X0(Y /d—2b(p—d)/d) + s <Y+Y2/d+(d+ Yoy (1 —9b2)2/dp§) +hy <2x(2 +(v/d)+22 (1 —0b2)2/p])

*TCT(T1q)
aT14? - b?
. DeO(Y +Y122/p3) d-2561x0(Y /d—2b(p—/d) [ 125.p-dP/d 2((Cp+Ci,.)p+(Cr+Cin)x(l—0b2)—Dcxlx/pl +Sx1x(1—()b2)/p1 —2SCb(p—d))
b? b*
2 (Kg+Kr+Mb/2 +5cdb® Vg (Ks+Kr+Mb/2+Scdb” ) <7(d+Y1)(x9(Y/d72bmfd)2 /d*))+2(p-d)’ /d” )
+ b5 - b >0

2
Vo (1 LY x(A-0b")d+Yy) _2b(p—d)>

d
Y=(p-d—x)
Y1 =(py—d—x1)

prd

d

if (A1) condition can be satisfied then the optimal the solution is convex when T;,=0.
Simplifying second order of the total cost with respect to T, and set T;,=b, where b is the upper bound of uniform distribution, one

has:

PTCT(Ty)  —2Cr+Cin) (xG(Y/d—Z (~b(p—2d)/d) (p—d)) —xbO(p—d)? /dz) +hs(W1)+he(W3) +Dc0/d (Y + Y1 x2 /) —25xx, (w2 Jb+b(p—d)* /dzm) 12S(p—d)*/d
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The total cost per unit time is convex if (A4) is fulfilled. (A4) has bigger possibility to be fulfilled if C, is not too big.
The second part of (A2) can be written as follows:
2
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simplifying (A5), one has:
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when p—d <d, (A6) will be true.
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Since the second order of total cost per unit time respect to Ty, is a non-increasing equation, then the total cost per unit time is convex
when 0 < Ty, < b, and conditions in (A1), (A4) and (A6) are fulfilled.

Convexity test of the exponential distribution maintenance time

The second order of the total cost per unit time for exponential distribution case respect to T;, can be written as follows:
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Eq. (A7) can be rewritten to two equation as (A8) and (A9):
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Eq. (A8) can be simplified as
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The total cost per unit time for exponential distribution case is convex when (A10) and (A11) can be fulfilled.
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