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A Modeling of Multi-Echelon Suppliers’ Chain
for Deteriorating Items

Jonas Yu!2, G.A. Widyadana3

Abstract: Inventory models for a policy of retail pricing and perishable items have been
developed in many papers, but very few of the studies incorporate both of these effects. This
study integrates the two conditions frd a three-echelon supplier’s chain and offers a
mathematical modeling for deteriorating inventory system with an optimal joint-cost policy.
Exponentially deteriorating items with no shortages is assumed in this study. Two scenarios are
considered. Scenario 1 assumed one supplier, one distributor and one retailer occurs at the
regular inventory replenishment time, and scenario 2 assumes two suppliers, one distributor
and two competitive retailers that to address this issue, we broaden the benchmark setting by
letting the independent retailer channel be a duopoly. The mathematical model describes how
the integrated approach to decision making can achieve global optimality as compared to
independemﬂecision by the suppliers, the distributor, and the retailers. A computer code is
developed to derive the optimal solution. Numerical examples and sensitivity analysis are given

to validate the results of the system.

Keywords: Deterioration, supply chain, three-

echelon inventory system.

Introduction
Historically, the three key members of the supply
chain, supplier, distributor and retailer, have been
mandgZBd independently, buffered by large invento-
ries. Increasing competitive pressures and decree-
sing marginal profitability are forcing firms to
develop supply chains that can quickly respond to
customer needs and furthermore reduce the cost on
carrying inventory. There are three fundamental
stages in the supplier chain: Procurement, produc-
tion and distribution. Through their coordination,
the number of deliveries is derived in corporation
with each other to achieve a minimum overall inte-

Eated cost.

Deterioration is defined as decay, damage, spoilage,
evaporation, obsolescence, pilferage, and loss of
utility or loss of marginal value of a commodity that
results in decreasing usefulness from the original
one. Blood, fish, strawberries, alcohol, gasoline,
radioactive chemicals and grain products are
examples of deteriorating commodities. In this study,
deterioration is assumed to be a function of the on-
hand inventory within the whole supplier chain.

In order to reduce loss due to deterioration of the
products, the members of the supply chains fre quently
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implement a joint decision to the optimal number of
deliveries.

Ghare and Schrader [3] were the first authors to
consider on-going deterioration of inventory. Then,
several researchers have studied deteriorating
inventory in recent decades. Bessler and Veinott [2]
made the analysis on the integration between the
buyer and the supplier by developing a mathematical
model with an arborescent structure. Axsater [1]
have developed the different models based on the
centralized and decentralized echelon. Wee [7]
deriveflthe integration model between vendor and
buyer for ddfBiorating items. Rau ef al. [5] developed
production inventory model for deteriorating items
under multi echelon supply chain. Similar model is
introduced by Rau et al. [6]. In their model they
considered supplier-buyer integrated model by
taking account buyer shoratage. Later Lin and Lin
[4] developed two-echelon inventory model by
considering completed backorder in the problem.

In this paper, a mathematical model taking into
account the integration of the producer, distributor
and retailer is developed. Since the three players do
not have production rate constraints, so the model is
different with Rau et al. [3]. Rau et al. [5] considered
three players in their model who are supplier
producer and buyer. They assumed that the produg
has specific production rate. Yu [8] proposed an
integrated deteriorating inventory model for a multi-
echelon supply chain with dual source. The numegal
example shows that the integrated approach that
takes account of the supplier, the distributor and the
retailer is better than the independent approach by
the individual player. The model has potential
application in a supply chain environment where
there is a multi-echelon inventory system. This
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three-echelon inventory system usually happens in
real life.

Methods

Mathematical Model
20

The mathematical modelgdeveloped on the basis of
the following assumptions: (a) the demand rate is
known and constant; (b) no shortage is allowed; (c)
there is no constraint in space, capacity or capital; (d)
the rate of replenishment in either distributor or
retailers is infinite and on the same time; (e) a cons-
tant fraction the on-hand inventory deteriorates and
no replacement of deteriorated items is assumed; (f)
only a single-product item is considered.

The following notation is used in this study:
TC : [Bltal joint cost for supply chain
TCr : total cost for all retailers

TCq @ total cost for distributor

TC, : total cost for all suppliers

Qrr(t) : retailer's inventory level at any time ¢,
k=123

Qq(t) distributor’s inventory level at any time ¢

Qpi(t) : suppliers’s inventory level at any time £, i =

1,2

Cri . ordering cost for retailers, k = 1,2,3

Cy : ordering cost for distributor

Coi : ordering cost for suppliers, i=1, 2

Hyy : carrying cost per unit per unit time for
retai.lem, 1,23

Hy . carrying cost per unit per unit time for
distributor

Hy; . carrying cost per unit per unit time for
suppliers,i=1, 2

Py : deterioration cost per unit per unit time for

ilers, k = 1,2,3

Py : rioration cost per unit per unit time for
distributor

Py : deterioration cost per unit per unit time for
suppliers,i=1,2

d; : demand rate for retailers * k = 1,2,3

[Z} : deterioration rate

m; . order arrangement rate, i = 1,2

T : replenishment cycle time for suppliers

ty : replenishment cycle time for retailers » 1 =
1.23...n

tg : EEMlenishment cycle time for distributor

n;py @ number of deliveries per cycle time T from
suppliers to distributor

Nok : number of deliveries per cycle time ¢4 from
distributor to retailers, k = 1,2,3

As an illustration, the supplier-distributor-retailer
inventory system is depicted in Figure 1.

nia __/_\
L ()

Distributor

ot
>

Supplier Retailer
Figure 1. Supplier-distributor-retailer inventory system

We consider the supply chain system consisting of
one supplier, one distributor and one retailer,
purchasing an item through this chain.

The Retailers’ Deteriorating Inventory System

In general, a retailer’s deteriorating inventory
system 1is described as follows:

Retail demand depends [ two elements—primary
demand for the product and store-level factors that
influence  consumers’ sensitivity to  retail
Specifically, let p represent price, and retail demand
be q; = a — fp; where a>0 represents the primary
demand and f >0 represents the store-level factors.
The consumers’ price decreases proportionally with
time going.

Pi=pL0<A<Li=1..,n

where A represents the proportional number. The life
cycle time of product is ti. It means the finished goods
should be sold out by the time.

The change inventory level, d@,;(t), during an infini-
tesimal time, dt, is a function of the deterioration
ratea, demand rate d and the inventory level Q;(t).
It is formulated as

dgyi(t) —

L —d—00Q,(t),0<t<t, (6]

For a periodic cycle of t,;, the inventory level
Q,i(t,)) = 0 anfJat the initial time, Q;(t,) = S,
the solution of (1), after adjusting for the constant of
integration is

d - «
Qi) =[PV — 10t <ty (@)

From equation (1) and (2), the initial inventory level
can be derived as:

—dy+d;etri .
Si=—p— @)

and the deterioration amount during t,; is

_ _ —d!+d189t1"!
Wy=S;—dtyy=——p———

5 dit,; = A0 )

From equation (4), the carrying inventory during &
can be derived as:

diePlri—d;—0d;t,
Ay =——p— ®)
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Therefore, the retailer's carrying cost HC,; for a
periodic cycle is given by:

dyePtri—dy—Od;t, \
HCyi = Apx Hy = 10000 ©)
The retailers inventory cost per replenishment
period #+ is depicted by the following formula:
period cost = ordering cost + carrying cost +

deteriorating cost

deri—d-fdi,
92

—d+dePtri—gd
H, + =g (7)

TCri = qic +

Thus, we obtain the total cost TC, through the pro-
duction cycle is given by:

TC = T, TCy 8

deftri—d—fdt,

=¥ (QIC+ FE Hy +

—d+de?tri-gde, P )
2

by =t = ©

The Distributor’s Deteriorating Inventory Sys-
tem

The change inventory level, dQ,(t), during an infini-
tesimal time, dtf, is a function of the deterioration
ratea, demand rate dr and the inventory level Q,(t).
Itis formulated as

dQa(t) _

2 =~ Zi=di—aQa(D),0 <t <tg (10)

For a periodic cycle of t;, the inventory level
Q4(ty) = 0 and §l}he initial time, Q4(0) = S;; the
solution of (11), after adjusting for the constant of
integration is

3
Qu(t) =E= oD 1] 0 <t <1, (11)

From equation (10) and (11), the initial inventory
level can be derived as:

3 3 t
- ~Bhoy ditEj o die™'d

Sa o (12)
and the deterioration amount during f«is
Wy = Sq = Zicrdpty = ity Wy, = Aga (13)

Thus, the deterioration cost is

W, X Py =
[ Sy ditEis 1dkﬁ‘“d @Ti=y dila

¥3 —dk+dke‘“?’k m:lkf.rk] P, (14)

k=1 a

From equation (13), the carrying inventory during tq
can be derived as:

Ay =
[_Eizl di+ T, dge“td—a i, dity
az

3 —dytdge i ady trg
Tk, ke St (15)

Thus, the distributor’s carrying cost HC,; for a
periodic cycle is given by:

HCy = Ay % Hy (16)
Therefore, the total cost for distributor is

TCd(T) = Cd X n10+HCd X Nqyg +Wd X My

3 3 et 3
~Zi=y et Ty die™ d-aFio  diety
= Cd X Nyp + [ — = = —_
a2
—dytdp e ri—adgt
3 ki kLrk
Dh=1 _az _] Hy X ny +

[ Tit=1 di+Zi= 1dk6‘“d @Tko ditd _

—dgtdge” rk wdg by
i1 - - ] Py X1y 17)

The Suppliers’ Deteriorating Inventory System
5

The change !venmry level, dQp;(t), during an

infinitesimal time, dt, is a function of the deterio-

ration rate a, demand rate dj, the order arrange-

ment rate m; and the inventory level Q,;(t). It is

formulated as

% == Yioimydy — aQp(t),0 <t <T,
where Y2, m; = (18)

For a periodic cycle of T, the inventory level

Qp;(TJ =0 and initial time, Qpi(ﬂ) = Spi; the
solution of (18), r adjusting for the constant of
integration is

_ Zhea ik [ a(r—) _
Qi) === e 1o<t<T (19)

From equation (18) and (19), the initial inventory
level can be derived as:

Spi = —Ei:1dkm!+§i:1dkmleaT ©0)

and the deterioration quantity during 7'is

Wpf =8, — Xioimd, T — mW,
-3 m 3 m el
Ei o dem+E;_ g demy — T md,T

—a‘;mke“‘«f—aam 3 —dprdee™ 'tk —ady by
(Z Je=1 — k=1 —)m;

a

=A,a 21)

Thus, the deterioration cost is
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wpi X Ppi

_ 23 —dkm,-+d;(m,-z'“‘ﬂ—rrm,-dktd) (—dk+dk:’“dfrrdkt¢

= Lik=1 - -
@

(14
—dy +dye®irk—ad,t,
S | Py 22)

o

From equation (21), the carrying inventory within t4
can be derived as:

Api =
3 —d;(m.+d;(m,f“rd—nm.dkt¢ —dy +dye™d —adyty
zksl 2 22

—dy+dye®trk—adyt,;
- =2 JM

23)

lis

Thus, the supplier’s carrying cost HCy; for a periodic
cycle is given by:

HCy; = Ay X Hy; 24)
Thus, the total cost for suppliers is

TCy(T) = Ziz=1(cpi X nyg + HCyy X Mg + Wy X nm)

2 2 3 —dym;+dgmie™ d—mmd, ty
Di=1 Gy X nyg + Ticq Tie=1 [(— -

at
—dyt+dy e d—ad,t, —dkmkc“‘rk—rmkcrk) H
a? "f m; pinlo
—dymy+edyme™d—amd, t,
2 3 L e L iy b
31, B [(nrtn e
—dpdped—mdyty  —dptdperk—gd;t,, "
( = - - m;| Pyinyg (25)

The Integrated Three-Echelon Deteriorating
Inventory System

The integrated total cost can be obtained as:
TC =TC, +TCq +TC, (26)

The optimal values of T, nyg, ng1, 1oz and ny3 denoted
by T*,njg ng. ng, and ny; respectively, must satisfy
equations (27) and (28), and will be located in the
vicinity of nf, that satisfy equation (29).

dTc

TC(nj — 1) = TC(ny) = TC(ny, + 1) 28)
dre .
=0 29)

wherei = 0,1and k = 0,1,2,3
Result and Discussion
Numerical Example

A numerical example is used to illustrate this case
discussed. The related data from suppliers are as
follows: T=1 year, Hpy=Hp=%5 per year,
Cp=Cp=85000 per time, Pn=F,=3%20 per unit,
mi=mz=0.5. The related data from distributor are as
follows: H~=$20 per unit per year, C~$1000 per
time, P~=$30 per unit. The related data from
retailers are as follows: d=d=10000, d7=6000,
H,=H,==850 per unit per year, H=$70 per unit per

62

year, C=C==3600 per time, Ci;= $600 per time, P
=P=$50 per unit, P+~=$80 per unit, 8=0.05. The
numerical results are tabulated in Table 1. The
sensitivity analysis for varying rates of demand, the
retailers’ carrying cost, the retailers’ deterioration
cost, the distributor's carrying cost, the suppliers’
carrying cost and rates of deterioration are tabulated
in Table 2.

Comment on the Sensitivity Analysis

The main conclusions found from the sensitivity

analysis are as bellows:

(1) When the retailers’ demand rate increases, each
player’s total cost TC;, TCu, TG, ; the joint total cost
TC as well as the number of n”a: will increase also.

(2) When he distributor, the suppliers and the
retailers’ carrying cost increases, the number of
n*;p remains the same, but the number of n*n
tends to decrease. If the carrying cost decreases,
the reverse is also true.

(3) As the retailers’ deterioration cost increases, the
number of deliveries from distributor to retailers
tends to increase. Each player’s total cost, except
the suppliers’ cost tends to increase. The joint
total cost TC increases as well.

(4) Assoon as the deterioration rateaincreases, each
player’s total cost and the joint total cost tend to
increase. But, the number of deliveries remains
the same.

(5) The joint total cost TC is more sensitive to the
parameter of the distributor’s carrying cost Ha. The
increase is over 20% as Ha increases by 30%.

Table 1. T with different combinations of n;j,

T Ny Mgy Ngz Mgz TC, TCy TC, TC*

1 1 1 1 1 761007 20829 23219" 805056
125610 277077 23219 425906
63605 284665 23219 371489
33*% 63551% 284708 23219 371478
24 24 29 64150 284798 23219 372168
1 1 1 379432 11832 665860 1057124
1 1 22 280949 42021 665860 988830
24 24 33 85106 142721 665860 893687

—
*
—
*
SV
—
*
5
—
*
oo
e
*

e
(S S

Notes: * Optimal solution that minimizes TC.
#* Optimal solution that minimizes T'C,, orTC,.

Table 2. Sensitivity analysis when a parameteris changed.

;izr % changed mid* no® no® ne® TG, TCo TG TCOn')
Nochange 1 21 21 33 63551 284708 23210 371478

di -30% 1 17 21 33 50460 251808 21694 333053
+ila 1 23 21 33 67088 317484 24745 409317

H -30%% 123 21 33 HO681 284580 23219 367480
" +ia 1 17 21 33 66925 284746 23219 374801
Pu 30 1 21 21 33 63380 284685 23220 371283
+ila 120 21 33 63720 284708 23219 371657

Ha 30 1 20 21 33 63551 205544 23210 202314
‘ +30% 1 21 21 33 63603 363811 23210 450633
Hor -30%% 1 21 21 33 63551 284708 23219 371478
o +ila 1 21 21 33 63551 284708 23219 371478
8 -30%% 1 21 21 33 63111 277315 19207 359633
+il% 120 20 33 64024 202125 27272 383422
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Conclusion

This paper discusses the optimal joint-cost policy in a
two-suppliers three-echelon inventory model that
integrates the upper, middle, and lower levels offhhe
supply chain. By using the integrated approach that
takes account of the suppliers, the distributor and
the retailers, the total joint cost is found to be less
than the independent approach by the individual
player. The result is fldated through sensitivity
analysis. Furthermore, recent advances in communi-
cations andElormation technology provide greater
opportunity for significant savings in logistics cost by
implementing strategic alliances within the supply
chains.
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