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a b s t r a c t

This study develops deteriorating items production inventory models with random
machine breakdown and stochastic repair time. The model assumes the machine repair
time is independent of the machine breakdown rate. The classical optimization technique
is used to derive an optimal solution. A numerical example and sensitivity analysis are
shown to illustrate the models. The stochastic repair models with uniformly distributed
repair time tends to have a larger optimal total cost than the fixed repair time model, how-
ever the production up time is less than the fixed repair time model. Production and
demand rate are the most sensitive parameters for the optimal production up time, and
demand rate is the most sensitive parameter to the optimal total cost for the stochastic
model with exponential distribution repair time.

� 2011 Elsevier Inc. All rights reserved.

1. Introduction

The production inventory problem has been investigated in recent years, and increasing number of researchers analyzes
machine breakdown effect in production inventory problem. The effects of machine breakdown and corrective maintenance
on the economic lot sizing were studied by Groenevelt et al. [1]. Groenevelt et al. [2] did similar research and included safety
stocks to meet the service level. Moinzadeh and Aggarwal [3] proposed an (s, S) model assuming the time between break-
downs is exponentially distributed, the restoration times are constant and excess demand is backordered. The research
was extended by Arreola-Risa and DeCroix [4] who assumed shortages are partially backordered. Abboud [5] later extended
the research by Groenevelt et al. [1]. In his model, he assumed machine failure may occur during production. When a ma-
chine fails, it will be repaired immediately. He assumed that repair times are independent and identically distributed. Giri
et al. [6] developed EMQ model with machine failure and general repair time. They proposed a model to determine the pro-
duction rate and production lot size to minimize the annual expected total cost.

Recently, many researchers extended the production inventory with machine breakdown model by considering other prob-
lems in production such as deterioration, preventive maintenance and rework. In the deteriorating production process, the pro-
cess may move from an in-control state to an out-of-control state, and produces some proportion of defective items. Kim and
Hong [7] developed Economic Manufacturing Quantity (EMQ) model with three deteriorating processes. Wang [8] developed
an EPQ mathematical model where production shifts from an in-control state to an out-of-control state with a general shift dis-
tribution. Sana et al. [9] developed a production-inventory model with imperfect production process and some of the imperfect
quality items can be sold at a reduced selling price. Similar method with reduction in demand rate and selling price were
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developed by Sana et al. [10]. Chakraborty et al. [11] developed an EPQ model considering production system that may shift
from an in-control state to an out-of-control state or may breakdown at any random time during a production period. Similar
to Chakraborty et al. [11] and assuming the defective items are reworked immediately, Sana [12] considered production shifts
from an in-control state to an out-of-control state. The percentage of defective items is assumed varies non-linearly with the
production rate and the production-run-time. Sana [13] developed a production-inventory model by considering imperfect
production process, finite planning horizon, and varying production rate.

Preventive maintenance is usually used to reduce machine breakdown. Incorporated preventive maintenance to produc-
tion inventory model was done by Cheung and Hausman [14]. They developed a mathematical model with random machine
breakdowns and considered preventive maintenance and safety stock. Later Dohi et al. [15] extended the research by extend-
ing the model by Cheung and Hausman [14] to consider the stochastic nature of the model. Giri and Dohi [16] developed
EMQ model with random variables corrective and preventive repair. They proposed solution procedure and computational
algorithms to find the optimal production rate and lot size. El-Ferik [17] developed an EPQ model for unreliable manufac-
turing facility. Similar research for EPQ model with imperfect process has been done by Liao et al. [18]. Chiu et al. [19] devel-
oped an EPQ model with scrap, rework and stochastic machine breakdowns.

Deterioration is defined as decay, evaporation, obsolescence, and loss of quality marginal value of commodity that result in
decreasing usefulness from its original condition. Some items like vegetables, milks, and fruits have deteriorating characteris-
tics. Many researchers focus their study on deteriorating item, such as Balkhi [20], Chang et al. [21] and Roy et al. [22]. Misra [23]
developed an EPQ for deteriorating items model and Wee [24] extended the model by considering partial backorder. Sana et al.
[25] developed an economic production lot size model (EPLS) model for a deteriorating item with a linearly time-varying de-
mand rate and shortages are allowed. Liao [26] developed a production inventory model for deteriorating item taking into con-
sideration the effect of permissible delay in payment. An EPQ model for deteriorating production equipment and items was
developed by Alfares et al. [27]. In their model, they also considered quality, inspection and maintenance, varying demand
and production rates. Lo et al. [28] developed integrated production and inventory model. The model assumed varying deteri-
oration rate, partial backordering, inflation, imperfect production process and multiple deliveries.

From the authors’ literature search, very few researchers have considered production inventory model with deteriorating
item and stochastic machine breakdown. Lin and Gong [29] developed EPQ deteriorating inventory model with machine
breakdown and fix repair time. In real life, most repair times are stochastic. This paper extends the excellent research ini-
tiated by Lin and Gong [29]. Here, two models are developed: one model assumes repair time is uniformly distributed
and the other model assumes repair time is exponentially distributed. The paper has four sections. The first section discusses
the research motivation and literature review. The second section is model development. Section three shows an example
and sensitivity analysis, and the final section is the concluding remarks.

2. Model development

The assumptions:

1. Production rate is greater than demand rate.
2. Production and demand rate are constant.
3. Deteriorating rate is constant.
4. There is no repair or replacement for a deteriorated item.
5. Machine repair time is independent of machine breakdown.

Notations:

I inventory level
I1 inventory level in a production period
I2 inventory level in a non-production period
T1 production period
T2 non-production period
T3 shortage period
Tp machine breakdown period
p production rate
d demand rate
h deteriorating rate
K setup cost
h holding cost
S lost sales cost
p deteriorating cost
M repair machine cost
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The inventory policy for lost sales case is illustrated in Fig. 1. When the machine does not breakdown during the produc-
tion period, the production is performed during T1 time period. When inventory reaches maximum level Im, the production
stops and inventory decreases due to demand and deterioration. The inventory level reaches zero units at time (T1 + T2), and
machine starts to produce the item again. Since the machine has a possibility of breakdown, the machine may not run the
whole T1 period. When breakdown occurs, the production period time is Tp. When a machine breaks down, it will require
some repair time. Since repair time is stochastic in (T2 + T3) period, production may not always be possible and lost sales
may occur during T3 period.

The number of inventory in production period from the problem above can be formulated as:

dI1ðt1Þ
dt1

þ hI1ðt1Þ ¼ p� d; 0 6 t1 6 T1: ð1Þ

While the number of inventory level in non-production period is represented by the following equation:

dI2ðt2Þ
dt2

þ hI2ðt2Þ ¼ �d; 0 6 t2 6 T2: ð2Þ

Since I1(0) = 0, and I2(T2) = 0, the inventory level in production period and non-production period are:

I1ðt1Þ ¼
p� d

h
ð1� e�ht1 Þ; 0 6 t1 6 T1; ð3Þ

I2ðt2Þ ¼
d
h
ðehðT2�t2Þ � 1Þ; 0 6 t2 6 T2: ð4Þ

Since I1 = I2 when t1 = T1 and t2 = 0 then one has:

p� d
h
ð1� e�hT1 Þ ¼ d

h
ðehT2 � 1Þ: ð5Þ

Using the Taylor series approximation (Yang and Wee [30]), one has:

ðp� dÞ T1 �
1
2

hT2
1

� �
¼ d T2 þ

1
2

hT2
2

� �
: ð6Þ

Since hT2 is a small number, T2 in terms of T1 can be approximated as:

T2 ffi
ðp� dÞT1 1� 1

2 hT1
� �
d

: ð7Þ

This approximation is commonly used in deteriorating production inventory problem (see Misra [23]). The expected inven-
tory level can be expressed by the following:

EðIÞ ¼
Z T1

t¼0

p� d
h
ð1� e�ht1 Þ þ

Z T2

t¼0

d
h
ðehðT2�t2Þ � 1Þ;

EðIÞ ¼ p� d

h2 ðhT1 þ e�hT1 � 1Þ þ d

h2 ð�hT2 þ ehT2 � 1Þ:
ð8Þ

Using Taylor series approximation, (8) can be written as:

EðIÞ ¼ ðp� dÞ T2
1

2

 !
þ d

T2
2

2

 !
: ð9Þ

Im 

I(t) 

Tp T2 T T3

T1 T2

T 

Fig. 1. Inventory system for the case with lost sales.
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Using Taylor’s series expansion for small value of hT, ex is approximated as 1 + x + x2/2. The percentage error for the fourth

term in the Taylor series can be modeled as:
1
3!
ðhTÞ3

1þhTþ1
2!
ðhTÞ2þ1

3!
ðhTÞ3

. The percentage error is about 0.2% when hT = 0.25. Since neglect-

ing the terms higher than the fourth tern will result in even smaller error, therefore the four terms and higher can be
neglected.

Substitute (7) to (9), one has:

EðIÞ ¼ p� d
T2

1

2

 !
þ d

ðp� dÞT1 1� 1
2 hT1

� �
2d

� �2

: ð10Þ

Since 1
2 hT1 is very small, (10) can be simplified as:

EðIÞ ¼ p2

2d
1� d

p

� �
T2

1: ð11Þ

Since there is breakdown machine possibilities, then (11) can be formulated as:

EðIÞ ffi
p2

2d 1� d
p

� �
T2

p ; for Tp 6 T1;

p2

2d 1� d
p

� �
T2

1; for Tp > T1:

8><
>: ð12Þ

Here, similar breakdown machine probability density function as Lin and Gong [29] is used. The function of Tp is equal to
f ðTpÞ ¼ le�lTp , for Tp > 0. The expected inventory can be written as:

EðIÞ ¼
Z T1

Tp¼0

p2

2d
1� d

p

� �
T2

ple�lTp þ
Z 1

Tp¼T1

p2

2d
1� d

p

� �
T2

1le�lTp ;

EðIÞ ¼ pðp� dÞð1� e�lT1 � lT1e�lT1 Þ
l2d

:

ð13Þ

The expected deteriorated item can be formulated as:

EðRÞ ¼ pT1 � dðT1 þ T2Þ: ð14Þ

Substitute T2 from (7) to (14), then it can be simplified as:

EðRÞ ffi
p
2 1� d

p

� �
hT2

p ; for Tp 6 T1;

p
2 1� d

p

� �
hT2

1; for Tp > T1:

8><
>: ð15Þ

Using the similar function of Tp, the expected deteriorating item can be written as:

EðRÞ ¼
Z T1

Tp¼0

p
2

1� d
p

� �
hT2

ple�lTp þ
Z 1

Tp¼T1

p
2

1� d
p

� �
hT2

1le�lTp ;

EðRÞ ¼ ðp� dÞhð1� e�lT1 � lT1e�lT1 Þ
l2 :

ð16Þ

The corrective cost can be formulated as:

EðMcÞ ¼ Mð1� e�lT1 Þ: ð17Þ

The total inventory cost of lost sales case consists of setup cost, corrective cost, holding cost, deteriorating cost and lost
sales cost. Lost sales occur when machine repair time period is longer than non-production time period. The total inventory
cost can be expressed as:

TCðT1; T2Þ ¼ E K þMð1� e�lT1 Þ þ hEðIÞ þ pEðRÞ þ Sd
Z T1

Tp¼0

Z 1

t¼T2

ðt � T2Þf ðtÞle�lTp dtdTp

" #
;

TCðT1; T2Þ ¼ E K þMð1� e�lT1 Þ þ h
p
d
þ ph

� � ðp� dÞð1� e�lT1 � lT1e�lT1 Þ
l2

� �
þ Sd

Z T1

Tp¼0

Z 1

t¼T2

ðt � T2Þf ðtÞle�lTp dtdTp

" #
:

ð18Þ

The total replenishment time is equal to the production up time period, non-production period and repair time probabil-
ity. The expected total replenishment time can be formulated as:

EðTÞ ¼
Z T1

Tp¼0
T1 þ T2 þ

Z 1

t¼T2

ðt � T2Þf ðtÞdt
� �

le�lTp dTp: ð19Þ
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The expected T1 and T2 time period can be written as:

EðT1 þ T2Þ ¼
Z T1

Tp¼0
1þ ðp� dÞ ð1� 0:5hTpÞ

d

� �
Tple�lTp dTp þ

Z 1

Tp¼T1

1þ ðp� dÞ ð1� 0:5hT1Þ
d

� �
T1le�lTp dTp;

EðT1 þ T2Þ ¼
pð1� e�lT1 Þ

dl :

ð20Þ

Substitute (20) to (19), one has:

EðTÞ ¼ pð1� e�lT1 Þ
dl

þ
Z T1

Tp¼0

Z 1

t¼T2

ðt � T2Þf ðtÞle�lTp dtdTp: ð21Þ

Using the renewal reward theorem, the expected total cost per unit time can be formulated as follows:

TCT ¼ EðTCÞ
EðTÞ : ð22Þ

Combine (18) and (21), we have the expected total cost per unit time as follows:

TCTðT1; T2Þ ¼
K þMð1� e�lT1 Þ þ h p

dþ ph
� � ðp�dÞð1�e�lT1�lT1e�lT1 Þ

l2

� �
þ Sd

R T1
Tp¼0

R1
t¼T2
ðt � T2Þf ðtÞle�lTp dtdTp

pð1�e�lT1 Þ
dl þ

R T1
Tp¼0

R1
t¼T2
ðt � T2Þf ðtÞle�lTp dtdTp

: ð23Þ

2.1. Uniform distribution case

Assume that the machine repair time t, is a random variable that is uniformly distributed over the interval [0, b]. The
probability density function, f(t), is given as:

f ðtÞ ¼
1=b; 0 6 t 6 b;

0; otherwise:

�
ð24Þ

Substitute uniform probability density function in (24) to (23), one has:

TCTðT1; T2Þ ¼
K þMð1� e�lT1 Þ þ h p

dþ ph
� � ðp�dÞð1�e�lT1�lT1e�lT1 Þ

l2

� �
þ Sd

b

R T1
Tp¼0

R b
t¼T2
ðt � T2Þle�lTp dtdTp

pð1�e�lT1 Þ
dl þ 1

b

R T1
Tp¼0

R b
t¼T2
ðt � T2Þle�lTp dtdTp

: ð25Þ

The expected shortage can be written as:

EðT3Þ ¼
1
b

Z T1

Tp¼0

Z b

t¼T2

ðt � T2Þle�lTp dtdTp;

EðT3Þ ¼
Z T1

Tp¼0

b� ðp�dÞTp 1�1
2hTpð Þ

d

� �2

2b
le�lTp dTp:

ð26Þ

Simplify equation above, one has:

EðT3Þ ¼
Z T1

Tp¼0

b� ðp�dÞTp

d

� �2

2b
le�lTp dTp;

EðT3Þ ¼
ððbldÞ2 � 2bðp� dÞldþ 2ðp� dÞ2Þð1� e�lT1 Þ � e�lT1lT1ðp� dÞððp� dÞð2lT1Þ � 2bldÞ

2bl2d2 :

ð27Þ

Substitute (27) to (25), the total cost per unit time of uniform distribution repair time is:

TCTðT1Þ ¼
K þMð1� e�lT1 Þ þ h pðp�dÞð1�e�lT1�lT1e�lT1 Þ

l2d þ ph ðp�dÞhð1�e�lT1�lT1e�lT1 Þ
l2

pð1�e�lT1 Þ
dl þ ððbldÞ2�2bðp�dÞldþ2ðp�dÞ2Þð1�e�lT1 Þ�e�lT1 lT1ðp�dÞððp�dÞð2þlT1Þ�2bldÞ

2bl2d2

þ
Sd ððbldÞ2�2bðp�dÞldþðp�dÞ2Þð1�e�lT1 Þ�e�lT1 lT1ðp�dÞððp�dÞð2þlT1Þ�2bldÞ

2bl2d2

� �
pð1�e�lT1 Þ

dl þ ððbldÞ2�2bðp�dÞldþ2ðp�dÞ2Þð1�e�lT1 Þ�e�lT1 lT1ðp�dÞððp�dÞð2þlT1Þ�2bldÞ
2bl2d2

: ð28Þ
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Differentiate (28) with respect to T1, one has:

dTCTðT1Þ
dT1

¼
Mle�lT1 þ h p

dþ ph
� �

ððp� dÞT1e�lT1 Þ
pð1�e�lT1 Þ

dl þ ððbldÞ2�2bðp�dÞldþ2ðp�dÞ2Þð1�e�lT1 Þ�e�lT1 lT1ðp�dÞððp�dÞð2þlT1Þ�2bldÞ
2bl2d2

�
Sl3e�lT1 ðbdð�bdþ2ðp�dÞT1Þ�T2

1ðp�dÞ2Þ
2dbl2

pð1�e�lT1 Þ
dl þ ððbldÞ2�2bðp�dÞldþ2ðp�dÞ2Þð1�e�lT1 Þ�e�lT1 lT1ðp�dÞððp�dÞð2þlT1Þ�2bldÞ

2bl2d2

�
A K þMð1� e�lT1 Þ � hp

dþphð Þððp�dÞðlT1e�lT1þe�lT1�1ÞÞ
l2

� �
pð1�e�lT1 Þ

dl þ ððbldÞ2�2bðp�dÞldþðp�dÞ2Þð1�e�lT1 Þ�e�lT1 lT1ðp�dÞððp�dÞð2þlT1Þ�2bldÞ
2bl2d2

� �2

�
A Sd ððbldÞ2�2bðp�dÞldþðp�dÞ2Þð1�e�lT1 Þ�e�lT1 lT1ðp�dÞððp�dÞð2þlT1Þ�2bldÞ

2bl2d2

� �� �
pð1�e�lT1 Þ

dl þ ððbldÞ2�2bðp�dÞldþðp�dÞ2Þð1�e�lT1 Þ�e�lT1 lT1ðp�dÞððp�dÞð2þlT1Þ�2bldÞ
2bl2d2

� �2 ; ð29Þ

where:

A ¼ ðl
3e�lT1 ðbdð�bdþ T1ðp� dÞð2� ðp� dÞÞÞÞÞ

2bl2d2 ;

Property 1. For a function f : S ? R1 defined by f(x) = g(x)/h(x) where g : S ? R1 and h : S ? R1, and S is anon-empty convex set in En.
The following discuss convexity and concavity functions:

(a) g is convex on S, and g(x) P 0 for each x e S.
(b) h is concave on S, and h(x) P 0 for each x e S, and
(c) Both g and h are differentiable.

Using Property 1, the total cost per unit time is convex where 0 6 T2 6 b, and

M <
ðhpþ pdhÞð8ðp� dÞ � 4bldð2þ bhÞÞ � Slbdhð4ðp� dÞ þ lb2dhÞ

l2d
:

Detailed calculation is shown in Appendix A.

2.2. Exponential distribution case

In the second case, the machine repair time is a random variable that is exponentially distributed. Exponential probability
density function with mean 1

k, is given as:

f ðtÞ ¼ ke�kt for k > 0:

The expected shortage period is:

EðT3Þ ¼
Z T1

Tp¼0

Z 1

t¼T2

ðt � T2Þke�ktle�lTp dtdTp;

EðT3Þ ¼
eT1

kðp�dÞ
2d ð�2þhT1Þþ

kp
dþl

� �
� ekT1

T1ph

2d þ1�hT1
2

� �
eT1

kp
dþlð Þ :

ð30Þ

From (30), the value of the exponential distribution expected total time can be expressed as:

EðTÞ ¼ EðT1 þ T2Þ þ EðT3Þ;

EðTÞ ¼ pð1� e�lT1 Þ
dl

þ eT1
kðp�dÞ

2d ð�2þhT1Þþ
kp
dþl

� �
� ekT1

T1ph

2d þ1�hT1
2

� �
eT1ð

kp
dþlÞ

:
ð31Þ

The total cost for exponential distribution case can be formulated by substituting (31) into (23), and one has:

TCTðT1Þ ¼
K þMð1� e�lT1 Þ þ h p

dþ ph
� � ðp�dÞð1�e�lT1�lT1e�lT1 Þ

l2

� �
pð1�e�lT1 Þ

dl þ e
T1

kðp�dÞ
2d

ð�2þhT1 Þþ
kp
d
þl

� �
�e

kT1
T1ph

2d
þ1�

hT1
2

� �
e

T1
kp
d
þlð Þ

þ
Sd �e

kT1
T1ph

2d
þ1�

hT1
2

� �
þe

T1
kðp�dÞ

2d
ð�2þhT1Þþ

kp
d
þl

� �
e

T1
kp
d
þlð Þ

 !

pð1�e�lT1 Þ
dl þ e

T1
kðp�dÞ

2d
ð�2þhT1 Þþ

kp
d
þl

� �
�e

kT1
T1ph

2d
þ1�

hT1
2

� �
e

T1
kp
d
þlð Þ

: ð32Þ
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The derivative of (32) with respect to T1 is:

dTCTðT1Þ
dT1

¼
Mle�lT1 þ h p

dþ ph
� �

ðhðp� dÞT1e�lT1 Þ
� �

eT1
kp
dþlð Þ

� �
� Sd k T1ph

d þ 1� hT1 þ p
dþ

l
k

� �
Ae þ kðd�pÞ

d þ ðp�dÞkhT1
d

� �
Be

� �
pð1�eð�lT1 ÞÞ

dl

� �
eT1

kp
dþlð Þ

� �
� Ae þ Be

;

K þMð1� le�lT1 Þ þ h p
dþ ph

� � ðp�dÞð1�e�lT1�lT1e�lT1 Þ
l2

� �� �
eT1

kp
dþlð Þ

� �
� Sde

�kðp�dÞT1
d

k

� �
Ce

pð1�eð�lT1 ÞÞ
dl

� �
eT1

kp
dþlð Þ

� �
� Ae þ Be

� �2 ;

ð33Þ
where:

Ae ¼ ekT1
T1hp

d þ1�0:5hT1

� �
;

Be ¼ eT1
kðd�pÞ

d þðp�dÞkhT1
2d þkp

dþl
� �

;

Ce ¼ pe�lT1

d
�

k T1ph
2d þ 1� 0:5hT1 � p

d�
l
k

� �
eAe þ kðd�pÞ

d þ ðp�dÞkhT1
d

� �
eBe

eT1
kp
dþlð Þ

� � ;

The optimal T1 can be derived by equating (33) to zero. The optimal T1 can be solved using a simple line search method since
the total cost function is convex for small value of k, l, and T1 under these conditions:

k <
ðdlþ pÞ
2ðp� dÞ

and

M <

hp
d þ ph

� �
ðp� dÞ � Sd 2 klðp�dÞ

d

� �
� l2

� �
l2 :

The detailed calculation is shown in Appendix B.

3. Example and sensitivity analysis

Similar data as Lin and Gong [29] is used to illustrate the uniform distribution repair time model and to compare the mod-
el with the fixed repair time model. In the comparison, the uniform distribution repair time mean rate is equal to the fixed
repair time. Considering K = $50 per production cycle, M = $200 per repair, p = 10,000 units per unit time, d = 7500 units per
unit time, h = $1 per unit per unit time, S = $5 per unit, h = 0.2, unavailability time is uniformly distributed over the interval
[0, 0.1], l = 0.2 and the fixed repair time equals to 0.05. Here, Maple 8 is used to solve (29) resulting in T1 = 0.202. The opti-
mal total cost per unit time can be found by substituting T1 in (28) resulting in TCT = $640.8. In the study, the performance of
the stochastic repair time with the fixed repair time for different lost sales and repair times is compared. Fig. 2 shows the
optimal production period. The figure shows that the production time of the stochastic model is shorter than the fix model
for small lost sales cost and longer for high lost sales cost. The optimal production time of the stochastic model is more sen-
sitive to the lost sales costs. Fig. 3 shows the total cost of the stochastic model and the fix model for different lost sales costs.

Fig. 4 shows the production period of the stochastic model and the fix model for different repair times. The figure shows
that the optimal production time of the stochastic model is less sensitive in varying repair time than the fix model. Also, the
figure shows that the optimal production time difference between the stochastic model and the fix model is wider when the
repair time is increased. Fig. 5 shows the total cost of the stochastic model and the fix model for varying repair time.

The sensitivity analysis of the stochastic repair model with exponential distribution repair time uses similar data as the
uniform distribution repair time model except that the maintenance rate (k) equals to 20 is used. The sensitivity analysis is
conducted by varying the data from �20% to 20%.

Fig. 6 shows that the production rate is the most important parameter in decision making since it is the most sensitive
parameter of the optimal production up time.

Fig. 7 shows the sensitivity analysis of the total cost per unit time for various parameter values; the total cost is sensitive
to the change in production rate, demand rate, holding cost and repair time rate. The total cost tends to increase as the
parameter values increase except for repair time and production rate.
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Fig. 2. Comparison of T1 for different lost sales cost.

Fig. 3. Comparison of the total cost for different lost sales.
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Fig. 4. Comparison of T1 for different repair times.

Fig. 5. Comparison of the total cost for different repair times.
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4. Conclusion

The deteriorating items production inventory models with machine breakdown and stochastic repair time (for uniformly
and exponentially distributed repair time) have been developed. The sensitivity analysis support a management concept that

Fig. 6. Sensitivity analysis of T1 for the exponential distribution model.

Fig. 7. Sensitivity analysis of the total cost per unit time for the exponential distribution model.
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management ought to set longer production up time in the stochastic repair time environment than the fixed time repair
time, especially when the lost sales cost is high. The total cost difference between the stochastic model and the fix model
is wider when lost sale cost increases. Therefore, it is very critical for management to assume stochastic repair time when
the lost sales cost is high. When the repair time varies, the optimal production time of the stochastic model is less sensitive
than the fix model and the total cost gap is also smaller for varying lost sales cost. Management should give more attention to
the production rate since the production rate and the demand rate (which is not easily controlled) are the most sensitive
parameters to the total cost for the exponentially distributed repair time model. The sensitivity analysis supports manage-
ment concept that higher machine probability breakdown and longer machine repair time result in a higher total cost. The
results from the study can give meaningful management insights in production planning and control. Future research can be
done to consider preventive maintenance and normal distribution corrective time.

Appendix A

Using Property 1, we set f(x) = the total cost per unit time, g(x) = the total cost and h(x) = the total replenishment time.
The total cost per unit time is convex if the total cost is convex and the total replenishment time is concave.

The total cost of uniform distribution repair time is:

TCU ¼ K þMð1� e�lT1 Þ þ h
pðp� dÞ 1� e�lT1 � lT1e�lT1

� �
l2d

þ ph
ðp� dÞh 1� e�lT1 � l1T1e�lT1

� �
l2

þ Sd
ððbldÞ2 � 2bðp� dÞldþ ðp� dÞ2Þð1� e�lT1 Þ � e�lT1lT1ðp� dÞððp� dÞð2þ lT1Þ � 2bldÞ

2bl2d2

 !
: ðA1Þ

The second derivative of (A1) with respect to T1 is:

dTC2
U

d2T1

¼ �Ml2e�lT1 þ hp
d
þ ph

� �
ððp� dÞð1� blÞe�lT1 Þ

� S
ðe�lT1 Þl4ðbdðbdþ 2T1ðd� pÞ þ T2

1ðp� dÞ2Þ þ 2e�lT1 Þl3ðbdðp� dÞ � 2T1ððp� dÞ2ÞÞ
2dbl2

 !
: ðA2Þ

Set T1 = 0, one has:

dTC2
U

d2T1

¼ �Ml2 þ ðp� dÞ hp
d
þ ph

� �
� Slbdðlbdþ 2ðp� dÞÞ

2
: ðA3Þ

Eq. (A3) is convex if:

M <
ðp� dÞ hp

d þ ph
� �

� Slbdðlbdþ2ðp�dÞÞ
2

l2 : ðA4Þ

Set T1 ¼
db 1�hb

2ð Þ
ðp�dÞ , one has:

dTC2
U

d2T1

¼ 1
d
ðhð8pðp� dÞ � 4pbldð2þ bhÞÞ � S 4lbdhðp� dÞ þ bðlbdhÞ2

� �
þ p 4hdð2p� 2d� 2pdbl� l2dhÞ

� �

�Ml2dÞe
�ldbð2þhbÞ

2ðp�dÞ

� �
: ðA5Þ

Eq. (A5) convex if:

M <
ðhpþ pdhÞð8ðp� dÞ � 4bldð2þ bhÞÞ � Slbdhð4ðp� dÞ þ lb2dhÞ

l2d
: ðA6Þ

The total cost of uniform distribution repair time is convex in 0 6 T1 6
db 1�hb

2ð Þ
ðp�dÞ when (A4) and (A6) are fulfilled.

The expected replenishment time of uniform distribution repair can be written as follows:

EðTÞ ¼ pð1� e�lT1 Þ
dl

þ Sd
ððbldÞ2 � 2bðp� dÞldþ ðp� dÞ2Þð1� e�lT1 Þ � e�lT1lT1ðp� dÞððp� dÞð2þ lT1Þ � 2bldÞ

2bl2d2

 !
: ðA7Þ

The second derivative of (A7) with respect to T1 is:
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dTC

d2T1

¼ ple�lT1

d
� S

ðe�lT1 Þl4ðbdðbdþ 2T1ðd� pÞ þ T2
1ðp� dÞ2Þ þ 2ðe�lT1 Þl3ðbdðp� dÞ � 2T1ððp� dÞ2ÞÞ

2dbl2

 !
: ðA8Þ

Set T1 = 0, one has:

dT2
U

d2T1

¼ �lð2ðp� dÞ þ 2pþ lbdÞ
2d

: ðA9Þ

Eq. (A9) is concave since d < p.
Set T1 ¼

db 1�hb
2ð Þ

p�d , one has:

dT2
U

d2T1

¼ �ð4pð2� hbÞ þ hbdð4þ b2lhÞÞle
�lbdð2þhbÞ

2ðp�dÞ

� �
8d

: ðA10Þ

Eq. (A10) is concave if: hb < 2. So the expected total time of uniform distribution repair time is concave in 0 6 T1 6
db 1�hb

2ð Þ
p�d if

hb < 2.

Appendix B

The expected replenishment time of exponential distribution repair time can be written as follows:

EðTEÞ ¼
pð1� e�lT1 Þ

dl
þ �ekT1 0:5hT1

p�d
dð Þþ1ð Þ þ ekT1 0:5hT1

p�d
dð Þþ1l

kð Þ

eT1
kp
dþlð Þ

 !
: ðB1Þ

The second derivative of (B1) with respect to T1 is:

dT2
E

d2T1

¼ �k h
ðp�dÞ

d

� �
eT1 0:5hT1k p�d

dð Þþkð Þ� hT1k
p�d

d

� �
þk

� �2

eT1 0:5hT1k p�d
dð Þþkð Þþðp�dÞ

d
kheT1 0:5hT1k ðp�dÞ

d

� �
þkþl

� � 

þ hT1k
p�d

d

� �
þkþl

� �2

eT1 0:5hT1k p�d
dð Þþkþlð Þ

!
1

eT1ð
kp
dþlÞ
�2 � hT1k

p�d
d

� �
þk

� �
eT1 0:5hT1k p�d

dð Þþkð Þ
�

þ hT1k
p�d

d

� �
þkþl

� �
eT1 0:5hT1k p�d

dð Þþkþlð Þ
� kp

d þl
� �
eT1

kp
dþlð Þþ �eT1 0:5hT1k p�d

dð Þþkð ÞþeT1 0:5hT1k p�d
dð Þþkþlð Þ

� � kp
d þl
� �2

eT1
kp
dþlð Þ <0: ðB2Þ

Eq. (B2) can be simplified as:

dT2
E

d2T1

¼ �ple�lT1

d
þ �k h

ðp� dÞ
d

� �
Z � hT1k

p� d
d

� �
þ k

� �2

Z þ ðp� dÞ
d

khZelT1

 

þ hT1k
p� d

d

� �
þ kþ l

� �2

ZelT1

!
1

eT1
kp
dþlð Þ 2 � hT1k

p� d
d

� �
þ k

� �
Z þ hT1k

p� d
d

� �
þ kþ l

� �
ZelT1

� � kp
d þ l
� �
eT1

kp
dþlð Þ

þð�Z þ ZelT1 Þ
kp
d þ l
� �2

eT1
kp
dþlð Þ < 0; ðB3Þ

where:

Z ¼ eT1 0:5hT1k p�d
dð Þþkð Þ:

We can rewrite (B3) as:

dT2
E

d2T1

¼ dTE1 þ dTE2;

where:

dTE1 ¼ �
ple�lT1

d
ðB4Þ

and

dTE2 ¼
k h ðp�dÞ

d

� �
ð�1þ elT1 Þ � hT1k

ðp�dÞ
d

� �
þ k

� �2
Z þ hT1k

ðp�dÞ
d

� �
þ kþ l

� �2
ZelT1

þ2 hT1k
p�d

d

� �
þ k

� �
Z � hT1k

p�d
d

� �
þ kþ l

� �
ZelT1

� �
kp
d þ l
� �

0
B@

1
CAþ ð�Z þ ZelT1 Þ kp

d
þ l

� �2

:

ðB5Þ
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Eq. (B5) can be rewritten as:

dTE2 ¼ k h
ðp� dÞ

d

� �
ð�1þ elT1 Þ � ðZa � CÞ2Z þ ðZb � CÞ2ZelT1 ; ðB6Þ

where:

Za ¼ hT1k
p� d

d

� �
þ k;

Zb ¼ hT1k
p� d

d

� �
þ kþ l;

C ¼ kp
d
þ l

� �
:

Since Zb > Za then (B6) is positive, so the expected total time of exponential distribution repair time is concave if:

ple�lT1

d
> k h

ðp� dÞ
d

� �
ð�1þ elT1 Þ � ðZa � CÞ2Z þ ðZb � CÞ2ZelT1 : ðB7Þ

When hT1 is small (B7) can be rewritten as:

ple�lT1

d
> k h

ðp� dÞ
d

� �
ð�1þ elT1 Þ � ðk� CÞ2ekT1 þ ðkþ l� CÞ2eðkþlÞT1 : ðB8Þ

When k, l, and T1 are small, and through some simplifications one has:

2
pðk� 0:5Þ � kd

d

� �
� l < 0: ðB9Þ

Eq. (B9) true if k < 0.5 or k < dlþp
2ðp�dÞ. So the expected time for exponential distribution time is also concave when k, l, and T1 are

small and k < 0.5 or k < dlþp
2ðp�dÞ.

The total cost model of exponential distribution repair time can be modeled as:

TCE ¼ K þMð1� e�lT1 Þ þ h
pðp� dÞð1� e�lT1 � lT1e�lT1 Þ

l2d
þ ph

ðp� dÞhð1� e�lT1 � lT1e�lT1 Þ
l2

þ Sd
�ekT1 0:5hT1

p�d
dð Þþ1ð Þ þ ekT1 0:5hT1

p�d
dð Þþ1l

kð Þ

eT1
kp
dþlð Þ

 !
: ðB10Þ

The second derivative of (B10) with respect to T1 is:

dTC2
E

d2T1

¼ �Ml2e�lT1 þ hp
d
þ ph

� �
ðp� dÞe�lT1 ð1� lT1Þ þ Sd �k h

ðp� dÞ
d

� �
eT1 0:5hT1k p�d

dð Þþkð Þ
��

� hT1k
p� d

d

� �
þ kþ l

� �2

eT1 0:5hT1k p�d
dð Þþkð Þ þ ðp� dÞ

d
kheT1 0:5hT1k p�d

dð Þþkþlð Þ

þ hT1k
p� d

d

� �
þ kþ l

� �2

eT1 0:5hT1k p�d
dð Þþkþlð Þ

!
1

eT1
kp
dþlð Þ � 2 � hT1k

p� d
d

� �
þ k

� �
eT1 0:5hT1

p�d
dð Þþkð Þ

�

þ hT1k
p� d

d

� �
þ kþ l

� �
eT1 0:5hT1

p�d
dð Þþkþlð Þ

� kp
d þ l
� �

eT1
kp�d

dð Þþl
þ �eT1 0:5hT1k p�d

dð Þþkð Þ þ eT1 0:5hT1k p�d
dð Þþkþlð Þ

� � kp
d þ l
� �2

eT1
kp
dþlð Þ

!
: ðB11Þ

When k, l, and T1 are small, (B11) can be rewritten as:

dTC2
E

d2T1

¼ �Ml2 þ hp
d
þ ph

� �
ðp� dÞ � Sd k� kp

d
þ l

� �� �2

þ kþ l� kp
d
þ l

� �� �2
 !

> 0:

The expected total cost of exponential distribution repair time is convex if:

M <

hp
d þ ph

� �
ðp� dÞ � Sd 2 klðp�dÞ

d

� �
� l2

� �
l2 : ðB12Þ
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